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ABSTRACT
Two d i f f e r e n t  n o n - s e p a ra b l e  problems a r e  exp lo red  and a n a l y z e d .  
N o n - p e r tu r b a t iv e  methods need t o  be used t o  handle  them, as  t h e  
compet ing  f o r c e s  invo lved  in  t h e s e  problems a r e  e q u a l l y  s t r o n g  and do 
n o t  y i e l d  t o  a p e r t u r b a t i v e  a n a l y s i s .  The f i r s t  one i s  t h e  s tudy  of  
doubly  e x c i t e d  r i d g e  s t a t e s  of  atoms,  in  which two e l e c t r o n s  a r e  
comparably e x c i t e d .  An a n a l y t i c a l  w avefunc t ion  f o r  such s t a t e s  i s  
in t ro d u c e d  and i s  used t o  s o lv e  t h e  t w o - e l e c t r o n  Hamilton ian  i n  t h e  p a i r  
c o o r d i n a t e s  c a l l e d  " h y p e r s p h e r i c a l  c o o r d i n a t e s "  v a r i a t i o n a l l y .  The 
c o r r e l a t i o n  between th e  e l e c t r o n s  i s  b u i l t  i n  a n a l y t i c a l l y  i n t o  t h e  
s t r u c t u r e  o f  t h e  w ave func t ion .  Sequences of  r i d g e  s t a t e s  ou t  t o  very  
h igh e x c i t a t i o n  a r e  computed and a r e  o rg an iz ed  as Rydberg s e r i e s  
converg ing  t o  t h e  double i o n i z a t i o n  l i m i t .  Numerical r e s u l t s  of  such 
s t a t e s  i n  He and H- a r e  compared w i th  o t h e r  t h e o r e t i c a l  c a l c u l a t i o n s  
where a v a i l a b l e .  The second problem i s  t h e  a n a l y s i s  o f  th e  
pho tode tachment o f  n e g a t i v e  ions  in  an e l e c t r i c  f i e l d  v i a  t h e  frame 
t r a n s f o r m a t i o n  t h e o r y .  The p resence  o f  t h e  e l e c t r i c  f i e l d  r e q u i r e s  a 
t r a n s f o r m a t i o n  from s p h e r i c a l  to  c y l i n d r i c a l  symmetry f o r  t h e  ou tgo ing  
p h o t o e l e c t r o n .  This  g iv e s  an o s c i l l a t o r y  modula t ing  f a c t o r  as  th e  
e f f e c t  o f  t h e  e l e c t r i c  f i e l d  on c r o s s - s e c t i o n s .  All  o f  t h i s  work i s  
d e r iv e d  a n a l y t i c a l l y  in  a ge n e ra l  form a p p l i c a b l e  to  t h e  pho tode tachm en t  
o f  any n e g a t i v e  io n .  The e x p r e s s i o n s  a r e  a p p l i e d  to  H~ and S-  f o r  
i l l u s t r a t i o n .
PREFACE
Broad ly  s p e a k in g ,  most p h y s ic a l  problems a r e  n o n - s e p a r a b l e .  For 
most s y s tem s ,  t h e  H amiltonian  f a i l s  to  decoup le  i n t o  a sum o f  m u tu a l ly  
d i s j o i n t e d  p a r t s ,  each d e s c r i b i n g  an independen t  mode of  t h e  whole 
sys tem.  This  c o m p l ic a te s  t h e  s o l u t i o n ,  p a r t i c u l a r l y  a n a l y t i c a l ,  o f  such 
p rob lem s .  As a r e s u l t ,  in t h e  development o f  atomic  p h y s ic s  i n  t h i s  
c e n t u r y ,  s e v e r a l  fundamental  problems have remained u n s o lv ed .  For 
example,  t h e  n o n - s e p a r a b i l i t y  of  t h e  S ch ro d in g e r  e q u a t i o n  f o r  an 
e l e c t r o n  in  combined Coulomb and un iform magne t ic  f i e l d s  makes t h e  
t h e o r e t i c a l  d e s c r i p t i o n  of  t h e  seemingly  s im ple  problem o f  t h e  hydrogen 
atom in  a un ifo rm magne tic  f i e l d  h ig h ly  n o n t r i v i a l ,  e s p e c i a l l y  when t h e  
two f i e l d  s t r e n g t h s  a r e  comparable .  More g e n e r a l l y  in  p h y s i c s ,  problems 
such as  t h i s ,  o f  t h e  n o n - s e p a r a b i l i t y  of  two in dependen t  dynamical  modes 
o f  t h e  sys tem,  pose c h a l l e n g e s  even toda y .  Depending on t h e  n a t u r e  and 
t h e  s t r e n g t h  o f  t h e  c o u p l in g ,  v a r i e d  e f f e c t s  a r i s e  and d i f f e r e n t  
t h e o r e t i c a l  approaches  a r e  r e q u i r e d  t o  u n d e r s t a n d  them. Many observed  
phenomena canno t  be unders tood  th rough  even t h e  b e s t  t h e o r e t i c a l  
i n d e p e n d e n t - p a r t i c l e  model c a l c u l a t i o n s .  The d e f i c i e n c i e s  p o i n t  t o  t h e  
im por tance  o f  e l e c t r o n  c o r r e l a t i o n s .  T h e r e f o re ,  some new non- 
p e r t u r b a t i v e  methods a re  n e c e s s a ry  t o  handle  such n o n - s e p a r a b l e  
p rob lem s .  In t h i s  t h e s i s ,  I e x p lo re  and ana ly z e  two e n t i r e l y  d i f f e r e n t  
n o n - s e p a r a b l e  p roblems ,  which have been i n c r e a s i n g l y  c o n s id e r e d  o ve r  t h e  
l a s t  tw enty  y e a r s .  Q ui te  d i f f e r e n t  t e c h n iq u e s  a r e  used in  t h e i r  s tu d y  
so t h a t  t h i s  t h e s i s  b reaks  n a t u r a l l y  i n t o  two p a r t s .
The f i r s t  n o n - s e p a ra b l e  problem t h a t  I c o n s i d e r  i s  t h e  s t r u c t u r e  of  
a two e l e c t r o n  atom. S p e c i f i c a l l y ,  when bo th  e l e c t r o n s  a r e  h ig h l y
v i i i
e x c i t e d  and th e y  have a comparable e x c i t a t i o n ,  an i n d e p e n d e n t - p a r t i c l e  
model t o t a l l y  f a i l s  t o  d e s c r i b e  them. Each e l e c t r o n  moves in  both  t h e  
f i e l d  o f  t h e  o t h e r  and o f  t h e  n u c l e a r  c o r e .  Both f i e l d s  have comparable 
magn i tude ,  so t h a t  n e i t h e r  o f  them can be t r e a t e d  as weak. T h e r e f o r e ,  a 
new n o n - p e r t u r b a t i v e  method i s  r e q u i r e d  t o  t r e a t  them a p p r o p r i a t e l y .  
P io n e e r i n g  works such as t h e  s t u d i e s  o f  doubly  e x c i t e d  s t a t e s  w i th  low 
e x c i t a t i o n  and o f  double i o n i z a t i o n  j u s t  above t h r e s h o l d  have shown t h a t  
t h e  use of  c o r r e l a t e d  c o o r d i n a t e s  c a l l e d  " h y p e r s p h e r i c a l  c o o r d i n a t e s "  
f o r  a d e s c r i p t i o n  of  such s t r o n g l y  c o r r e l a t e d  phenomena in  atoms i s  very  
s u c c e s s f u l .  Taking a cue from t h i s  f o r  my s tudy  o f  h ig h ,  comparably 
e x c i t e d  s t a t e s ,  I e x p re s s  t h e  t w o - e l e c t r o n  Ham i l ton ian  in  h y p e r s p h e r i c a l  
c o o r d i n a t e s .  An a n a l y t i c a l  w avefunc t ion  f o r  such h i g h - l y i n g  doubly  
e x c i t e d  s t a t e s  i s  s u gges ted  and i s  used to  so lv e  th e  t w o - e l e c t r o n  
H am i l ton ian  in  t h a t  c o o r d i n a t e  scheme. In t h i s  manner,  t h e  d e s c r i p t i o n  
o f  t h e  most  c o r r e l a t e d  r e g i o n  f o r  th e  t w o - e l e c t r o n  problem,  namely,  t h e  
v i c i n i t y  o f  t h e  double  i o n i z a t i o n  t h r e s h o l d ,  i s  hand led  th ro u g h o u t  in  
te rm s  of  a c o l l e c t i v e  d e s c r i p t i o n  of  t h e  two e l e c t r o n s ,  as  a " p a i r "  
a t t a c h e d  t o  t h e  p o s i t i v e l y  charged c o r e .  The d e t a i l e d  q u a n t i t a t i v e  work 
on t h i s  problem c o n s t i t u t e s  p a r t  A o f  t h i s  t h e s i s .  High doubly  e x c i t e d  
s t a t e s  i n  He and H" a r e  computed and t h e  r e s u l t s  compared w i th  t h o s e  o f  
o t h e r  t h e o r e t i c a l  c a l c u l a t i o n s  where a v a i l a b l e .
For a s i n g l e  p a r t i c l e ,  when two o r  more f i e l d s  (some of  which may 
be e x t e r n a l l y  imposed) a c t  on i t ,  t h e r e  a l s o  r e s u l t s  i n  g e n e ra l  a non- 
s e p a r a b l e  p o t e n t i a l .  The famous example ,  mentioned a l r e a d y  in  t h e  f i r s t  
p a r a g r a p h ,  i s  of  a hydrogen atom in  a un iform magnetic  f i e l d  and i t  
s t i l l  needs f u r t h e r  development .  I c o n s id e r  an a l l i e d  problem o f  atomic  
sys tems  in  an e x t e r n a l  e l e c t r i c  f i e l d .  With r e c e n t  ex p e r im en t s  on
p h o t o i o n i z a t i o n  in t h e  p re s e n c e  of  an e x t e r n a l  e l e c t r i c  f i e l d ,  t h e  t im e  
i s  r i p e  f o r  such a t h e o r e t i c a l  s tu d y .  S p e c i f i c a l l y ,  I c o n s i d e r  t h e  
pho tode tachm ent of  n e g a t iv e  ions  in  an e l e c t r i c  f i e l d  in  p a r t  B of  t h i s  
t h e s i s .  The t h e o r e t i c a l  work of  t h i s  problem r e s t s  on t h e  fo l l o w in g  
p o i n t ,  g e n e r i c  t o  such e x t e r n a l  f i e l d  problems:  t h e  i n t e r a c t i o n  between
t h e  p h o t o e l e c t r o n  and th e  c o re  i s  l i m i t e d  t o  a small  r e g i o n  o f  space  
around t h e  n u c leu s  (o f  r a d i u s  r Q o f  a few atomic  u n i t s ) ,  whereas  t h e  
e f f e c t  o f  t h e  e x t e r n a l  f i e l d  i s  n o n - n e g l i g i b l e  on ly  a t  l a r g e  r a d i i .
This  p e r m i t s  a p a r t i t i o n i n g  of  space  i n t o  two r e g i o n s ,  o f  small  ( r  < r Q) 
and l a r g e  ( r  »  r Q) r a d i a l  d i s t a n c e  r .  The problem becomes s e p a r a b l e  
w i t h i n  each  r e g i o n ,  a l b e i t  i n  d i f f e r e n t  c o o r d i n a t e  schemes,  w i th  e i t h e r  
t h e  i n t e r a c t i o n  with  t h e  e x t e r n a l  f i e l d  o r  w i th  t h e  co re  n e g l i g i b l e  in 
t h e  two ranges  o f  r .  The r e q u i r e d  a n a l y s i s  becomes one o f  co n n e c t in g  
such s o l u t i o n s  i n  d i f f e r e n t  p a r t s  of  space t o  g e t  a f u l l  s o l u t i o n .  A 
s o - c a l l e d  "frame t r a n s f o r m a t i o n "  which a c h i e v e s  t h i s  c o n n e c t io n  i s  
dev e lo p ed ,  and c r o s s - s e c t i o n s  f o r  photode tachment in  an e l e c t r i c  f i e l d  
e x p re s s e d  in  te rm s  o f  i t .  All  o f  t h i s  i s  handled  a n a l y t i c a l l y  i n  a 
g e n e ra l  form a p p l i c a b l e  to  t h e  photode tachment o f  any n e g a t i v e  io n .  The 
fo rmulae  a r e  a p p l i e d  t o  H“ where exp e r im en ta l  d a t a  has r e c e n t l y  become 
a v a i l a b l e  and t o  S“ where t h e r e  a r e  p r o s p e c t s  f o r  measurements in  t h e  
n ea r  f u t u r e .
x
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CHAPTER I 
INTRODUCTION
S ince  th e  adven t  of  quantum mechanic s ,  t h e  two e l e c t r o n  problem has 
been s t u d i e d  in  g r e a t  d e t a i l .  The problem i s  not  e x a c t l y  s o l v a b l e  bu t
i n c r e a s i n g l y  a c c u r a t e  c a l c u l a t i o n s  can be performed f o r  c e r t a i n  s t a t e s
and comparison made with  a v a i l a b l e  expe r im en ta l  d a t a .  One o f  t h e  f i r s t  
s t e p s  was to  c a l c u l a t e  t h e  ground s t a t e  energy  va lue  o f  t h e  hel ium 
atom. S ince  a hel ium atom i s  a t h r e e  body system and cannot  be so lved
a n a l y t i c a l l y ,  c e r t a i n  approxim ate  methods have t o  be employed.  Hence,
methods such as  p e r t u r b a t i o n  th e o ry  and t h e  v a r i a t i o n a l  method were 
deve loped .  Energy v a lu e s  of  th e  ground s t a t e  and lower e x c i t e d  s t a t e s  
of  a hel ium atom were c a l c u l a t e d  s u c c e s s f u l l y  by us ing  e i t h e r  one of  t h e  
above a pp roac hes .*  In p e r t u r b a t i o n  t h e o r y ,  th e  e l e c t r o n i c  r e p u l s i o n  
between t h e  two e l e c t r o n s  i s  t o  a f i r s t  approx im at ion  r e p l a c e d  by an 
ave rage  p o t e n t i a l ,  and th e  two e l e c t r o n s  t r e a t e d  as  moving in d e p e n d e n t ly  
in t h e  f i e l d  o f  t h e  Coulomb a t t r a c t i o n  o f  t h e  nuc leus  and t h e  ave rage  
" s e l f  c o n s i s t e n t "  p o t e n t i a l .  The w avefunc t ion  can th e n  be ex p re s s e d  as  
t h e  p ro d u c t  of  two hydrogen ic  w ave func t ions .  The r e s i d u a l  Coulomb 
r e p u l s i o n  between th e  e l e c t r o n s  i s  th e n  t r e a t e d  p e r t u r b a t i v e l y .
In t h e  t r e a t m e n t  of  a m u l t i - e l e c t r o n i c  system,  we f a c e  t h e  same 
s i t u a t i o n  bu t  w ith  g r e a t e r  com plex i ty .  The e l e c t r o n i c  r e p u l s i o n  between 
any e l e c t r o n  p a i r  causes  th e  S ch rod inger  e q u a t io n  of  t h e  system t o  be 
n o n - s e p a r a b l e  i n t o  a group o f  e q u a t io n s  which c o n t a i n  s e p a r a b l e  
in dependen t  e l e c t r o n  c o o r d i n a t e s  o n ly .  T h e r e f o re ,  we a g a in  have no 
p ro ced u re  f o r  an e x a c t  a n a l y t i c a l  s o l u t i o n .  The Hatree-Fock s e l f -
O
c o n s i s t e n t  method,  based on an independen t  e l e c t r o n  model ,  was then
2
3developed  t o  hand le  t h i s  problem. This  model assumes t h a t  each  of  t h e  
e l e c t r o n s  moves under  th e  combined e f f e c t  of  t h e  nuc leus  and o t h e r  
e l e c t r o n s .  This  average  e f f e c t  can then  be r e p la c e d  by a c e n t r a l  
p o t e n t i a l  f o r  s i m p l i c i t y  and used to  so lv e  th e  e q u a t io n s  
a p p r o p r i a t e l y .  Our u n d e r s t a n d in g  of  th e  s t r u c t u r e  o f  atomic systems 
stems ma in ly  from t h i s  model .  With s e v e ra l  decades of  deve lopm en t ,  t h e  
c a l c u l a t i o n a l  methods have reached  g r e a t  s o p h i s t i c a t i o n ,  g i v i n g  r e s u l t s  
o f  i n c r e a s i n g  acc u racy .  Each e l e c t r o n  i s  d e s c r ib e d  by a s e t  o f  quantum 
numbers (n ,  a,  m^, ms ) i n d e p e n d e n t ly .  In o r d e r  to  accoun t  f o r  t h e  
i n t e r a c t i o n s  l e a d in g  t o  c o r r e l a t i o n s  among th e  e l e c t r o n s ,  we mix t h e  
open s h e l l ' s  d e g e n e r a t e  s t a t e s  and th e n  r e s o l v e  them i n t o  s e p a r a t e  te rm s
pc . 1
L, t h u s  r e p l a c i n g  th e  ( a ,  m , m ) l a b e l s  by c o l l e c t i v e  quantumJC b
numbers (L,  ML, S, M$). The a n g u l a r  c o r r e l a t i o n s  of  e l e c t r o n s  i n  any 
(L,  S) s t a t e  a r e  i m p l i c i t l y  de term ined  by th e  Racah a l g e b r a  m a n ip u la t i o n  
and by t h e  am p l i tude  o f  th e  d i f f e r e n t  " S l a t e r  d e t e r m i n a n t a l "  
w av e fu n c t io n s  (an t i sym m et r ized  p ro d u c t s  of i n d e p e n d e n t - e l e c t r o n  
f u n c t i o n s  t o  account  f o r  t h e  P au l i  p r i n c i p l e )  f o r  d i f f e r e n t  
c o n f i g u r a t i o n s  ( a ,  m , m ) c om pa t ib le  with  t h e  same (L,  S) s t a t e .  These 
p ro c e d u re s  may a l s o  be ex tended  t o  e x c i t e d  s t a t e s  of  t h e  atom. Owing t o  
t h e  r a p i d  development of  computing mach ines ,  com pl ica ted  c a l c u l a t i o n s  
which in v o lv e  e x t e n s i v e  s e t s  o f  b a s i s  s t a t e s  can be handled  n u m e r i c a l l y .
Such b a s i s  s e t  c a l c u l a t i o n s  a r e  f e a s i b l e  when a l i m i t e d  number of  
c o n f i g u r a t i o n s  s u f f i c e  t o  g ive  an a c c u ra t e  d e s c r i p t i o n  o f  t h e  s t a t e  
under  c o n s i d e r a t i o n .  But w ith  i n c r e a s i n g  e x c i t a t i o n  and p a r t i c u l a r l y  
when two e l e c t r o n s  a r e  h ig h ly  e x c i t e d ,  t h e  c o r r e l a t i o n  between t h e s e  two
q
e l e c t r o n s  p la y s  an i n c r e a s i n g l y  im por tan t  r o l e ,  so t h a t  d e s c r i p t i o n  o f  
t h i s  c o r r e l a t e d  p a i r  by th e  independen t  e l e c t r o n  model becomes g r o s s l y
4i n a d e q u a te .  Such a l a rg e  number o f  c o n f i g u r a t i o n  te rm s  a r e  r e q u i r e d  t o  
g iv e  even an i n i t i a l  d e s c r i p t i o n  t h a t  t h e  r e s u l t i n g  d im ension  of  t h e  
H am i l ton ian  m a t r ix  makes c a l c u l a t i o n s  i m p r a c t i c a l  even on an advanced 
computing machine.  F u r t h e r ,  a l l  p h y s i c a l  i n s i g h t  and u n d e r s t a n d i n g  i s  
l o s t ,  t h e  very  n e c e s s i t y  f o r  a l a r g e  number of  b a s i s  s t a t e s  p o i n t i n g  t o  
t h e  inadequacy  o f  t h a t  b a s i s  f o r  a s u i t a b l e  d e s c r i p t i o n  o f  such a 
s t a t e .  T h e r e f o re ,  we need t o  f i n d  a n o t h e r  e n t i r e l y  d i f f e r e n t  approach 
and a new b a s i s  f o r  t h e  a p p r o p r i a t e  d e s c r i p t i o n  of  t h i s  prob lem. One 
avenue was p io n e e red  by Fano and h i s  c o l l a b o r a t o r s 4 some twenty  y e a r s  
ago.
In t h i s  method we r e p r e s e n t  t h e  two e l e c t r o n  S c h ro d in g e r  e q u a t io n  
in  s ix - d im e n s io n a l  h y p e r s p h e r i c a l  c o o r d i n a t e s .  In t h e  f i e l d  o f  atomic  
p h y s i c s ,  such a r e p r e s e n t a t i o n  g iv e s  a new and major  way t o  s tudy  
c o r r e l a t i o n  e f f e c t s  between e l e c t r o n s .  H y p e r sp h e r ica l  c o o r d i n a t e s  have 
been used even lo n g e r  in  n u c l e a r  p h y s i c s .  And we must  t a k e  n o te  of  
W ann ie r ' s  work^ more th a n  t h i r t y  y e a r s  ago as  an i s o l a t e d  example in 
atomic  p h y s i c s  f o r  p r e c i s e l y  t h e  s tu d y  o f  s t r o n g  e l e c t r o n  c o r r e l a t i o n s  
in  t h e  doub le  i o n i z a t i o n  prob lem. He t r a n s fo rm e d  t h e  two e l e c t r o n  
H am i l ton ian  in  h y p e r s p h e r i c a l  c o o r d i n a t e s  and n o t i c e d  a d i s t i n g u i s h e d  
range  of  t h o s e  c o o r d i n a t e s  f o r  t h e  dynamic e x c i t a t i o n  around t h e  double  
i o n i z a t i o n  t h r e s h o l d .  Based on t h a t  argument,  he d e r iv e d  t h e  t h r e s h o l d  
law f o r  double  e scape  of  two e l e c t r o n s  c l a s s i c a l l y .  L a t e r ,  Rau^ and
O
P ete rkop  t r e a t e d  t h e  same problem quantum m e c h a n ic a l ly  and g o t  t h e  same
Q 1 ?t h r e s h o l d  law. A s e r i e s  o f  expe r im en t s  have a l r e a d y  been performed 
and v e r i f y  t h e  c o n c l u s i o n s  o f  t h e  Wannier  t h e o r y .
At t h e  same t im e ,  d o u b l y - e x c i t e d  s t a t e s  o f  low e x c i t a t i o n  were a l s o  
s t u d i e d  by s o lv in g  th e  t w o - e l e c t r o n  S c h ro d in g e r  e q u a t io n  in
5h y p e r s p h e r i c a l  c o o r d i n a t e s .  An a d i a b a t i c  app rox im at ion  was employed,  
w i th  t h e  h y p e r s p h e r i c a l - r a d i u s  R t r e a t e d  as a p a r a m e t e r . 4 , 13-15 j | ien 
t h e  r e s u l t i n g  e i g e n f u n c t i o n s ,  <t>^(R;a,e^2 ) » o b ta in ed  by s o l v i n g  th e  
h y p e r s p h e r i c a l  a n g u l a r  p a r t  [ a n g le s  a and e ^ ,  d e f in e d  by a = a r c t a n  
( r 2/ r 1 ) and = a rcc o s  ( r ^ *r 2 ) 1 of  t h e  e q u a t i o n ,  s e rv e  as b a s i s  s t a t e s  
f o r  expans ion  of  t h e  f u l l  wave f u n c t i o n .  This  app rox im at ion  i s  s i m i l a r  
t o  t h e  Born-Oppenheimer method used t o  s o lve  a d ia to m ic  problem. The 
f u l l  w ave func t ion  i s  expanded as
ip = ZMFjj( R ) $ )j(R;ot , 0 1 2 ) . ( 1 . 1 )
Upon s u b s t i t u t i o n ,  i t  l e ad s  to  a s e t  o f  coupled l i n e a r  d i f f e r e n t i a l
e q u a t i o n s  f o r  t h e  r a d i a l  f u n c t i o n s  ^ ( R ) .  The e ig e n v a lu e s  U^(R) t h a t
co r re s p o n d  t o  o s e r v e s  as p o t e n t i a l s  in  t h e  r a d i a l  e q u a t i o n ,  whereas  
y 2
r\ r\
m a t r ix  e l em en t s  <$ I-tk-U ,> and <$ |— , > p ro v id e  t h e  n o n - a d i a b a t i c
y ' a R 1 m y aR m
co u p l in g  between th e  d i f f e r e n t  r a d i a l  e q u a t i o n s .  Then,  by f u r t h e r  
a p p ro x im a t io n  of  t h e s e  co u p l in g  e lements  and t r u n c a t i n g  th e  s e t ,  t h e  
e q u a t i o n s  a r e  so lved  t o  g e t  th e  e ig e n v a lu e s  and e i g e n f u n c t i o n s  o f  t h e  
doubly  e x c i t e d  s t a t e s  w ith  low e x c i t a t i o n .
The a d i a b a t i c  app rox im at ion  i s  found to  be s u c c e s s f u l  in  t h e  
t r e a t m e n t  of  d o u b ly - e x c i t e d  s t a t e s  o f  low e x c i t a t i o n .  Th is  method has 
been used  e x t e n s i v e l y  f o r  twenty  y e a r s 4 , ^  and has p rov ided  q u a n t i t a t i v e  
r e s u l t s  which a r e  a c c u r a t e  f o r  low - ly ing  s t a t e s .  For t h e  s t a t e s  o f  high  
and comparable e x c i t a t i o n ,  however,  t h e  a d i a b a t i c  h y p e r s p h e r i c a l  method 
i s  poor  because  of  t h e  i n c r e a s i n g  number o f  p - s t a t e s  and t h e  i n c r e a s e d  
n o n - a d i a b a t i c  c o up l ing  as  t h e s e  s t a t e s  g e t  c l o s e r  t o g e t h e r .  A l s o ,  in  
p r i n c i p l e ,  t h e r e  i s  an i n c o m p a t i b i l i t y  as t h i s  d e s c r i p t i o n  l e a d s  t o  t h e
6p i c t u r e  o f  e + p a r e n t  ion  when R-«° t h e re b y  p u t t i n g  t h e  two e l e c t r o n s  on
C.
a d i f f e r e n t  f o o t i n g  in s t e a d  of  keeping them comparable .  Wannier had 
a l r e a d y  emphasized t h a t  th e  c o r r e l a t i o n  e f f e c t s  a r e  of  an ex t reme when 
two e l e c t r o n s  have n e a r - z e r o  e n e r g i e s .  The t i g h t  c o r r e l a t i o n  
r e q u i r e s  K ir and a ~ ti/ 4 (which makes r^  and comparab le)  and t h i s  
n e c e s s a r i l y  im p l ie s  t h a t  t h e r e  i s  a s u p e r p o s i t i o n  of  a l a r g e  number of  
h y p e r s p h e r i c a l  ha rmonics .  In t h e  p a s t  few y e a r s ,  Rau, Read and o t h e r s
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have in  a number o f  papers  * '  d i s c u s s e d  t h i s  problem. Although
t h e s e  a n a l y s e s  a re  mainly  q u a l i t a t i v e  and s e m i - q u a n t i t a t i v e ,  we have a 
f a i r l y  good u n d e r s t a n d in g  of  th e  mechanism o f  high and comparab le  double  
e x c i t a t i o n .  On th e  o t h e r  hand,  t h e  f u l l  q u a n t i t a t i v e  a s p e c t  o f  high  
d o u b ly - e x c i t e d  s t a t e s  i s  s t i l l  f a r  from unders tood  and i s  t h e  s u b j e c t  of  
t h i s  p a r t  of  my t h e s i s .
Wannier th e o ry ^  s u g g e s t s  t h a t  t h e i r  w avefunc t ions  shou ld  be h ig h ly  
c o n c e n t r a t e d  around th e  narrow r e g io n  a « ir/4 , » it and,  t h e r e f o r e ,
expans ion  of  them with  a f i n i t e  number o f  harmonics in  ( 1. 1) i s
1 fti n a d m i s s i b l e .  F u r t h e r ,  Rau a l s o  d i s c o v e re d  t h a t  t h e s e  energy  s t a t e s  
f i t  a s ix -d im e n s io n a l  Bohr-Rydberg fo rmula  and converge  to  t h e  double  
i o n i z a t i o n  l i m i t .  I t  i s  e q u i v a l e n t  to  a s e r i e s  o f  bound s t a t e s  below 
t h e  double  i o n i z a t i o n  t h r e s h o l d ,  b e s t  viewed as  a s i n g l e  e n t i t y ,  t h e  
p a i r ,  a t t a c h e d  t o  t h e  g r a n d p a re n t  ion .  The c o r re s p o n d in g  cont inuum 
s t a t e s  above th e  t h r e s h o l d  a r e  t h e  ones  t h a t  govern  t h e  p r o c e s s  of  
t h r e s h o l d  double  e scape  of  two e l e c t r o n s  from an i o n i c  c o r e .  As we can 
see  t h a t  t h e s e  two k inds  o f  energy  s t a t e s  a r e  c l o s e l y  r e l a t e d ,  we should  
fo l l o w  Wannier and Rau 's  approach in  t h e  t r e a t m e n t  o f  t h e  two e l e c t r o n  
problem. We f i r s t  r e p r e s e n t  th e  two e l e c t r o n  S ch ro d in g e r  e q u a t io n  in  
h y p e r s p h e r i c a l  c o o r d i n a t e s ,  and t h e n ,  expand i t  around t h e  r e g i o n
7a » u /4  and e ^2 « ir. A t r i a l  w avefunc t ion ,  with  a s t r u c t u r e  whose 
dependence on R, a and in Pa r t  d i c t a t e d  by th e  s t u d i e s  of
t h r e s h o l d  double  e s c a p e ,  i s  s u gges ted .  Then i t  i s  used t o  so lv e  th e  
H am i l ton ian  around t h a t  l o c a l i z e d  r e g i o n .  The c o r r e l a t i o n  between th e  
e l e c t r o n s  i s  d e s c r ib e d  by t h e  dependences on th e  p a ram e te r s  a and in 
t h e  s t r u c t u r e  of  t h e  w ave func t ion .  T h e re fo re ,  t h e  above a n a l y s i s ,  which 
has been s u c c e s s f u l l y  a p p l i e d  to  d e s c r i b i n g  double i o n i z a t i o n  above 
t h r e s h o l d ,  i s  now extended below t h r e s h o l d  t o  c a l c u l a t i n g  h i g h - l y i n g  
doubly  e x c i t e d  s t a t e s .
The ar rangement o f  t h i s  p a r t  of  t h e  t h e s i s  i s  as  f o l l o w s .  In
Chapte r  I I ,  a s imple  a n a l y t i c a l  t r i a l  w avefunct ion  f o r  such a s t a t e ,
based on t h e  s tu d y  o f  t h r e s h o l d  i o n i z a t i o n ,  i s  sugges ted  and used  to
so lv e  t h e  Hami l ton ian  around t h a t  l o c a l i z e d  re g io n  v a r i a t i o n a l l y .
Energy v a lu e s  f o r  such s t a t e s  w ith  d i f f e r e n t  symmetries  a r e  a l s o
ana lyzed  and compared with  o t h e r  work,  from a d i a b a t i c  h y p e r s p h e r i c a l
methods^ and from numerica l  c o n f i g u r a t i o n  i n t e r a c t i o n  (complex
? 1Qc o o r d i n a t e  and m u l t i - c o n f i g u r a t i o n  H atree  Fock) 9 c a l c u l a t i o n s ,  a l l  of  
which a r e  n u m e r i c a l ly  much more com pl ica ted  than  ou r s  w h i le  a t  t h e  same 
t ime be ing  r e s t r i c t e d  in how high  in  e x c i t a t i o n  they  can be e x ten d ed .
In Chap te r  I I I ,  a complete  b a s i s  s e t  f o r  t h e  two e l e c t r o n  problem around 
t h a t  l o c a l i z e d  r e g i o n  i s  sugges ted  and used to  make a c o n f i g u r a t i o n  
i n t e r a c t i o n  in  such a p a i r  b a s i s .  Based on t h i s  s e t  o f  b a s i s  s t a t e s ,  we 
can accoun t  f o r  t h e  double  e x c i t a t i o n  c r o s s - s e c t i o n s ,  o s c i l l a t o r  
s t r e n g t h s  and o t h e r  p r o p e r t i e s  o f  such s t a t e s .  F i n a l l y ,  a l a s t  c h a p t e r  
makes conc lud ing  rem arks ,  in c lu d in g  d i r e c t i o n s  f o r  f u r t h e r  e x t e n s i o n  o f  
our  work.
CHAPTER I I  
STUDY OF DOUBLY EXCITED RIDGE STATES I :  
CONSTRUCTIONS OF A WAVEFUNCTION
A. I n t r o d u c t i o n
Doubly e x c i t e d  s t a t e s  o f  atomic systems have r e c e n t l y  been th e  
s u b j e c t  of  i n c r e a s i n g  s tudy and have become a hot  t o p i c  in  t h e  f i e l d  o f  
atomic  p h y s i c s .  However, on ly  a few atoms such as H“ and He have been 
t r e a t e d  in  d e t a i l  t h e o r e t i c a l l y  and even t h e r e  not  t o  high e x c i t a t i o n .  
C a l c u l a t i o n s  f o r  heavy atoms and io ns  a r e  ex t rem ely  com pl ica ted  by th e  
complex atomic  s t r u c t u r e  o f  th e  co re  and our knowledge i s  r a t h e r  poor .  
F u r t h e r  t h e r e  i s  s t i l l  no t  enough a v a i l a b l e  expe r im en ta l  e v id e n c e  t o  
compare w i th  t h e  t h e o r e t i c a l  r e s u l t s ,  once a g a in  p a r t i c u l a r l y  so f o r  any 
b u t  t h e  l o w e s t - l y i n g  doubly e x c i t e d  s t a t e s .  However, t h e s e  p r e v io u s  
s t u d i e s  have a l r e a d y  shown t h a t  t h e  doubly e x c i t e d  s t a t e s  e x h i b i t  
e n t i r e l y  d i f fevc . , . .  p r o p e r t i e s  and s t r u c t u r e s  from th e  s i n g l y  e x c i t e d  
Rydberg s t a t e s .
Although many methods have been p roposed ,  we s t i l l  have a l a c k  of
u n d e r s t a n d i n g  of th e  s t r u c t u r e  o f  t h e s e  s t a t e s .  For example,  H e r r ic k
PC)and S inanoglu  proposed a doubly  e x c i t e d  b a s i s  (DESB) t o  r e p r e s e n t  t h e
f i r s t  o r d e r  approx im at ion  o f  t h e s e  s t a t e s .  These DESB f u n c t i o n s  accoun t
f o r  some o f  t h e  a n g u la r  c o r r e l a t i o n s  but  la ck  s u f f i c i e n t  r a d i a l
c o r r e l a t i o n  in  d e s c r i b i n g  th e  doubly e x c i t e d  s t a t e s .  H y p e r s p h e r ica l
c o o r d i n a t e  ca lcu la t ions^*  t a k e  both  k inds  o f  c o r r e l a t i o n s  i n t o  accoun t
b u t ,  e x c e p t  f o r  t h e  very  low es t  s t a t e s ,  lack  in  q u a n t i t a t i v e  a c c u ra c y .
Large numerica l  c a l c u l a t i o n s  in v o lv in g  c o n f i g u r a t i o n  i n t e r a c t i o n  o r
IQcomplex c o o r d i n a t e  methods a r e  p r o h i b i t i v e l y  com p l ica ted  and computer
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9i n t e n s i v e  i f  we d e s i r e  t o  examine h ig h - l y i n g  doubly e x c i t e d  s t a t e s .  In 
t h i s  p a r t  o f  t h e  t h e s i s ,  we o f f e r  a new method t o  s tudy  a s p e c i a l  c l a s s  
of  doubly  e x c i t e d  s t a t e s  i n  which both  e l e c t r o n s  a r e  on an equa l  
f o o t i n g ,  in  an a t t e m p t  t o  p ro v id e  an u n d e r s tan d in g  o f  t h e  p h y s ic a l  
n a t u r e  o f  c o r r e l a t e d  motions  in  s t a t e s  in v o lv ing  such an e l e c t r o n  p a i r .
By d e f i n i t i o n ,  doubly e x c i t e d  " r id g e "  s t a t e s  a r e  atomic  s t a t e s  in
17which two e l e c t r o n s  have comparable e x c i t a t i o n .  The name stems from 
t h e i r  a s s o c i a t i o n ,  as  we w i l l  s e e ,  w i th  a r i d g e  o r  s a d d le  p o i n t  of  t h e  
t w o - e l e c t r o n  p o t e n t i a l  s u r f a c e .  When two e l e c t r o n s  a r e  e x c i t e d  to  
comparable p r i n c i p a l  quantum numbers N and n ,  an independen t  e l e c t r o n  
model i s  no lo n g e r  v a l i d  in  d e s c r i b i n g  t h e i r  dynamical  mot ion .  At t h i s  
s t a g e ,  bo th  a r e  on an equal  f o o t i n g  and a r e  s t r o n g l y  c o r r e l a t e d  with  
each o t h e r  in  t h e i r  i n t e r a c t i o n s  w i th  th e  r e s i d u a l  co re  ( i t  can e i t h e r  
be j u s t  a bare  nuc leus  as  in  t h e  examples of  He o r  H" o r  have complex 
s t r u c t u r e  i n c lu d in g  o t h e r  e l e c t r o n  s u b s h e l l s ) .  They canno t  be t r e a t e d  
in d e p e n d e n t ly  by j u s t  t a k in g  account  o f  t h e  e l e c t r o n  c o r r e l a t i o n s  
p e r t u r b a t i v e l y ,  s i n c e  th e  e l e c t r o n - e l e c t r o n  i n t e r a c t i o n s  a r e  comparab le  
t o  t h e i r  i n d i v i d u a l  i n t e r a c t i o n s  w i th  t h e  c e n t r a l  f i e l d  of  t h e  i o n i c  
c o r e .  P rev io u s  s t u d i e s  have a l r e a d y  shown t h a t  when both  e l e c t r o n s  
a r e  e x c i t e d  t o  h igh p r i n c i p a l  quantum numbers N and n (w hether t h e y  a r e  
o r  a r e  no t  com p arab le ) ,  s t a t e s  o f  d i f f e r e n t  a n g u la r  momenta and 
w i t h i n  a c e r t a i n  l a r g e  range  a r e  s t r o n g l y  mixed t o g e t h e r  owing t o  t h e
e l e c t r o n - e l e c t r o n  i n t e r a c t i o n  ( a n g u la r  momenta from 0 t o  a = k rS ) .'  J max '
T h e r e f o r e ,  a q u i t e  e x t e n s i v e  b a s i s  i s  needed in  o r d e r  to  d e s c r i b e  such
9? 1 Q
s t a t e s  a p p r o p r i a t e l y .  C lo s e - c o u p l in g  and complex r o t a t i o n  methods ,  
which a r e  t h e  p r i n c i p a l  methods f o r  e v a l u a t i n g  doubly e x c i t e d  s t a t e s ,  
need t h e r e f o r e ,  t o  cover  t h i s  range  of  v a lu e s  of  a .  As a r e s u l t ,
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e l a b o r a t e  c a l c u l a t i o n s ,  c a p a b le  of  g iv i n g  a c c u r a t e  r e s u l t s ,  a r e  in  
p r a c t i c e  r e s t r i c t e d  to  low e x c i t a t i o n  energy  l e v e l s .  The com puta t ions  
become p r o h i b i t i v e l y  com pl ica ted  f o r  s t a t e s  of  h ig h e r  e x c i t a t i o n .
p o
Energy s t a t e s  w ith  N up to  s i x  have on ly  r e c e n t l y  been r e p o r t e d  and 
a r e  n u m e r i c a l l y  very  cumbersome.
F u r the rm ore ,  f o r  t h e  high  doubly e x c i t e d  s t a t e s ,  m a n i fo ld s  w ith  
d i f f e r e n t  N g e t  c l o s e  in en e rg y ,  s i n c e  Coulomb energy  l e v e l s  s c a l e  as
p
1/N . The mixing  of  s t a t e s  of  d i f f e r e n t  N a l s o  becomes very  im p o r t a n t ,  
f u r t h e r  c o m p l ic a t in g  th e  c a l c u l a t i o n s .  The mixing o f  d i f f e r e n t  
p r i n c i p a l  quantum numbers r e p r e s e n t  a new kind o f  c o r r e l a t i o n .  This  new 
kind o f  c o r r e l a t i o n ,  c a l l e d  r a d i a l  c o r r e l a t i o n ,  i s  u s u a l l y  a b s e n t  in a 
b a s i s  t h a t  mixes on ly  d i f f e r e n t  a v a lu es  o r  which uses  in dependen t  
e l e c t r o n  c o n f i g u r a t i o n s .  I t  i s  our  m o t iv a t io n  t o  d e s c r i b e  t h i s  s p e c i a l  
c l a s s  of  energy  s t a t e s  i n v o lv in g  comparable e x c i t a t i o n  o f  t h e  two 
e l e c t r o n s  in  a new n o n - p e r t u r b a t i v e  way which i s  very  d i f f e r e n t  from 
p r e v io u s  methods .  We aim t o  c o n s t r u c t  a s im ple  b a s i s  s e t  which c o n t a i n s  
bo th  k inds  o f  c o r r e l a t i o n s ,  a n g u l a r  and r a d i a l ,  and i s  t h e r e b y  s u i t a b l e  
f o r  d e s c r i b i n g  th e  dynamical s t r u c t u r e  o f  comparably e x c i t e d  r i d g e  
s t a t e s .
S ev e ra l  g roups  of  t h e o r i s t s ^  have o ve r  t h e  l a s t  twenty  y e a r s  so lved  
t h e  two e l e c t r o n  S ch rod inge r  e q u a t io n  in h y p e r s p h e r i c a l  c o o r d i n a t e s .  
S ince  t h e s e  c o o r d i n a t e s  a r e  co n v en ien t  and a p p r o p r i a t e  f o r  d e s c r i b i n g  
e l e c t r o n  c o r r e l a t i o n s ,  we a r e  no e x c e p t io n  and adopt  them th ro u g h o u t  our  
a n a l y s i s .  The two o u t e r  e l e c t r o n s  w i l l  be t r e a t e d  as  e q u i v a l e n t  and 
coup led  t o g e t h e r  t o  form a p a i r  s t a t e .  Such an e n t i t y  c o n s t i t u t e s  a 
c o n f i g u r a t i o n  p o i n t  in s i x  d im ens ions ,  which moves under  t h e  i n f l u e n c e  
o f  t h e  s i x  d im ens iona l  s c reened  Coulomb p o t e n t i a l  due to  t h e  r e s i d u a l
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c o r e .  The f o r m u l a t i o n  of  t h e  two e l e c t r o n  H amilton ian  in  such 
c o o r d i n a t e s  w i l l  be reviewed i n  t h e  nex t  s e c t i o n .  The doubly  e x c i t e d  
r i d g e  s t a t e s  a r e  l o c a t e d  around t h e  s o - c a l l e d  Wannier p o i n t  ( t o  be 
d e f i n e d  in t h e  n ex t  s e c t i o n )  o f  t h e  p o t e n t i a l  s u r f a c e  in  h y p e r s p h e r i c a l  
c o o r d i n a t e s .  The c o n s t r u c t i o n  o f  a s imple t r i a l  w avefunc t ion  f o r  a
1 p
r i d g e  s t a t e  w i th  symmetry S i s  a l s o  d i s c u s s e d  in  t h i s  s e c t i o n .  The 
w avefunc t ion  i s  then  used t o  so lv e  th e  Sch ro d in g e r  e q u a t io n  
v a r i a t i o n a l l y  and t h e  r e s u l t s  a r e  compared w i th  o t h e r  work.  S e c t i o n  C 
e x t e n d s  t h i s  work f o r  energy  s t a t e s  w ith  o t h e r  symmetr ies  *P°,  ^Pe and 
^P°.  P a i r  w ave func t ions  w i th  th e  a p p r o p r i a t e  symmetries  a r e  deve loped  
and e n e r g i e s  computed,  once aga in  v a r i a t i o n a l l y .  Some p r o p e r t i e s  of  
t h e s e  s t a t e s  w i l l  th e n  be d i s c u s s e d  in  t h e  f i n a l  s e c t i o n .  Atomic u n i t s  
w i l l  be used th ro u g h o u t  t h e  a n a l y s i s  u n l e s s  o th e rw i s e  s p e c i f i e d .
1 PB. Wavefunc tions  with  symmetry S 
( i )  H y p e r s p h e r ica l  fo rmal ism
In t h i s  s e c t i o n ,  we f i r s t  f o rm u la te  th e  two e l e c t r o n  problem in 
h y p e r s p h e r i c a l  c o o r d i n a t e s  and d i s c u s s  some f e a t u r e s  o f  t h e  s i x  
d im ens iona l  p o t e n t i a l  in  d e t a i l .  In t h i s  system o f  c o o r d i n a t e s ,  t h e
r a d i a l  d i s t a n c e s  o f  t h e  two e l e c t r o n s  from th e  c o r e ,  r ^ ,  a r e
2 ? ^r e p l a c e d  by a r a d i a l  c o o r d i n a t e  R = ( r^  + and a mock
-1 r  2 1 ~ ~ 
a n g le  a=tan~ (— ).  The an g le  = c o s -  ( r ^ - r ^ j ,  and t h r e e  E u le r  a n g le s
which d e f i n e  t h e  o r i e n t a t i o n  o f  t h e  p lane  c o n t a i n i n g  th e  c o r e  and th e
two e l e c t r o n s ,  a r e  t h e  remain ing  c o o r d i n a t e s  in  t h i s  scheme. With t h i s
c h o i c e ,  t h e  a n g u l a r  and r a d i a l  c o r r e l a t i o n s  of  t h e  p a i r  a r e  d e s c r i b e d  by
i t s  w a v e f u n c t i o n ' s  dependence on t h e  a n g le s  anc  ^ “ » r e s p e c t i v e l y .
The t w o - e l e c t r o n  S c h ro d in g e r  e q u a t io n  ( i n  atomic u n i t s )  in  independen t
p a r t i c l e  c o o r d i n a t e s  and r ^ ,
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( 2 h  -  2 v2 -  + E)4)( r1 , r 2 , 0 1 , e 2 ,4.1 ,<|)2 ) -  0 ( 2 . 1 )
t a k e s  t h e  form upon t r a n s f o r m a t i o n  t o  h y p e r s p h e r i c a l  c o o r d i n a t e s ,
+ 1 , , *2 i , 2C(a>012) ,
i “ 2 2 ' ' - 2 _ 4 2 2 ' R ” 13R R 3a COS a Sin a
x R e s i n a  COSa 4 i (R ,a ,e12) = 0 , ( 2 .2 )
where
C " “ cosa " s i n a  + / ,  . ? * (2 - 3 )(1 -  Sin2a COS6j 2 )
1 9 0 9 O
For t h e  s t a t e s  with  symmetry Se , we have = a2 = a and a i s  
t h e  a n g u l a r  momentum o p e r a t o r  f o r  t h e  c o o r d i n a t e  0^ .  Hence ( 2 .2 )  can 
f u r t h e r  be s i m p l i f i e d  as
a2 i . 2  I . 2 C ( a , 0 . p )
{-----2 + ( -^ -2  -  \  -  ----- 2~^-----------  g |—  s in 0 12 gf—  +  - 2E)}
0R R 3a sin a s inG^ 12 12
5/2
X R 7 sina COSa i|>(R,a,0j2) = 0 . (2.4)
The e q u a t io n s  with  o t h e r  symmetries  ( L , S , ti) a r e  s l i g h t l y  d i f f e r e n t  
from ( 2 . 4 ) ,  i n c lu d in g  some e x t r a  t e rm s .  The d i s c u s s i o n  of  t h e i r  forms 
w i l l  be pos tponed to  th e  nex t  s e c t i o n .  In t h i s  s e c t i o n ,  we w i l l
1 p
c o n c e n t r a t e  on ly  on th e  s tudy  of  energy  s t a t e s  w i th  symmetry S a s  t h e  
i n i t i a l  s t e p p i n g  s tone  i n t o  ou r  e x p l o r a t i o n s .
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Before  p roceed ing  f u r t h e r ,  i t  i s  wor thwhile t o  look back on (2 .3 )  
and d i s c u s s  some p r o p e r t i e s  of  t h i s  two-dimensional  p o t e n t i a l  s u r f a c e  
in  ( a , • F igu re  (A . l )  shows a p l o t  o f  i t  (with  Z=l) in  t h e
range  0<a<%ir and with  a f i x e d  va lue  o f  R equal  t o  one .  The
deep v a l l e y s  a t  a=0 and where one of  t h e  e l e c t r o n s  approaches  t h e  
c o r e ,  a r e  t h e  s e a t s  of  s i n g l y  e x c i t e d  s t a t e s .  The sharp  s p ik e  c e n t e r e d  
a t  e^2=0* a=n/4 ,  r e p r e s e n t s  t h e  c o n f i g u r a t i o n  in  which th e  two e l e c t r o n s  
approach each  o t h e r .  But t h e  a r e a  o f  most i n t e r e s t  to  u s ,  and a l s o  to  
o t h e r  t h e o r i s t s ,  i s  th e  r e g io n  around th e  Wannier p o i n t  0 = ^ ,0
( i . e .  i s  a sac*dle p o i n t  of  t h e  p o t e n t i a l  s u r f a c e ,  ly ing
a t  t h e  bottom of a v a l l e y  i n  t h e  v a r i a b l e  0^  bu t  on top  o f  a r i d g e  f o r  
t h e  a v a r i a b l e .  Wannier was t h e  f i r s t  one to  n o t i c e  t h a t  i o n i z a t i o n  of  
two e l e c t r o n s  c l o s e  to  t h e  t h r e s h o l d  f o r  t h i s  p ro c e s s  can on ly  be 
a t t a i n e d  as  long as  both remain  a t  t h i s  reg io n  d u r in g  most o f  t h e  
e v o l u t i o n  of  doub le  e scape .
Doubly e x c i t e d  r i d g e  s t a t e s  co r respond  to  each e l e c t r o n  hav ing 
comparable r a d i a l  e x t e n t  ( r ^ » r 2 ) .  Both e l e c t r o n s  have a tendency  t o  l i e  
on o p p o s i t e  s i d e s  of  t h e  c o re  ( a ^ - " )  because  of  t h e i r  mutual 
r e p u l s i o n .  T h e r e f o re ,  i t  means t h a t  such s t a t e s  a r e  a l s o  l o c a t e d  around 
t h e  Wannier  p o i n t .  Because th e  re g io n  around t h a t  p o i n t  i s  s a d d l e ­
shaped ,  t h e  mock ang le  a t e n d s  t o  d iv e rg e  from as t h e  sys tem ev o lv e s  
when R i n c r e a s e s .  I f  t h i s  d iv e rg e n c e  i s  g r e a t  enough, t h e  system w i l l  
f a l l  i n t o  one of  t h e  v a l l e y s  a t  a=0 o r  %n, l e a v in g  one e l e c t r o n  bound t o  
t h e  co re  w h i le  t h e  o t h e r  goes f r e e .  Hence, doubly e x c i t e d  r i d g e  s t a t e s  
can occu r  on ly  i f  th e  system s t a y s  in  th e  v i c i n i t y  o f  t h e  Wannier  p o i n t  
u n t i l  R has i n c re a s e d  t o  a v a lu e  a t  which th e  two e l e c t r o n s  a re
14
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Fig. Al. T h r e e - d i m e n s i o n  plot of C (ci , y  ^ w i t h
Z=1 in h y p e r s p h e r i c a l  c o o r d i n a t e s .
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e s s e n t i a l l y  independen t  o f  each  o t h e r .  For E < 0,  we have t h i s  kind  o f  
doubly e x c i t e d  s t a t e ,  w i th  t h e  p a i r  in  t h e  s a d d le  p o i n t  ou t  t o  some 
l a r g e  R. On th e  o t h e r  hand,  f o r  E > 0 ,  we have t h e  continuum s t a t e s  
w ith  two e l e c t r o n s  e s c a p i n g .  Thus,  t h e  r i d g e  doubly e x c i t e d  s t a t e s  and 
th e  s t a t e s  o f  double  e scape  on t h e  o t h e r  s i d e  o f  t h e  double  i o n i z a t i o n  
t h r e s h o l d  form a n a t u r a l  f a m i ly .
( i i )  Sugges ted  T r i a l  Wavefunct ion
R e f e r r i n g  back to  Eq. ( 2 . 4 ) ,  t h i s  e q u a t io n  a p p l i e s  to  bound s t a t e s  
and t o  cont inuum s t a t e s  e q u a l l y .  The on ly  d i f f e r e n c e  between them i s  
th e  s ig n  o f  t h e  energy  E. F u r t h e r ,  we can expand Eq. ( 2 .4 )  around t h e  
sa d d le  r e g i o n  where we adopt  t h e  c o o r d i n a t e s  s = ( V - a ) >  Y ^ n - e ^ )  and 
keep te rm s  up to  t h e  f i r s t  n o n -v an is h in g  o r d e r  in  b and y. Th is  l e a d s
t o 7
(■ ^ j  + 2E + ^  ( ^ 2  + 4 ( l + 4 e 2 ) [ ^ 2  + <v '  I
aR R R 33 ay
2
-  (-2Z f f R -4nRB2 + )  * (R ,B , y) = 0 , ( 2 .5 )e r r  4 ( 2 ) ^
with
Le f f  ‘  2 W hz  ~ ~ — L T  • ( 2 -6 >e (2) (2) 4(2)
The l a s t  t h r e e  te rm s  in  ( 2 . 5 ) ,  e n c lo se d  by t h e  l a s t  b r a c k e t ,  r e p r e s e n t
O
t h e  p o t e n t i a l  m u l t i p l i e d  by R . I t  c o n s i s t s  of  a coulomb te rm  in  R w i th
2
e f f e c t i v e  charge  a harmonic o s c i l l a t o r  t e r m a n d  an a n t ih a rm o n ic
o s c i l l a t o r  te rm . The p re s e n c e  of  t h e  te rm  in  t h e  p o t e n t i a l  
i n d i c a t e s  t h e  i n s t a b i l i t y  of  t h e  w avefunc t ion  along a=^it.
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7 ftE qua t ion  ( 2 .5 )  has been t r e a t e d  by Rau , P e te rkop  and Feag in  i n
t h e  r e g i o n  where both  e l e c t r o n s  have nea r  ze ro  p o s i t i v e  e n e r g i e s .  The
two e l e c t r o n  continuum w avefunc t ion  ( i t  co r re sp o n d s  t o  t h e  two e l e c t r o n
p a i r  r i d g e  s t a t e  ly in g  in  t h e  continuum above t h e  double  i o n i z a t i o n
t h r e s h o l d )  has been d e r iv e d  by them to  e x p l a i n  t h e  Wannier  t h e o r y  of
double  e s c a p e .  The w avefunc t ion  as  sugges ted  in  t h a t  s tudy  has t h e
f o l l o w i n g  s t r u c t u r e : ^
« ( R , 6 , y) = exp[-R%(C + As2 + By2) ] x (R) , ( 2 .7 )
with
J- I', "VI <<>«(»«• A  ^  V *2(8Z f f ) 2 (256n + 8Z )
A = - i  | I I -  ± i  jg  , ( 2 .8b )
(8Z f  ) *  [3 2 (2 )^  -  8Z f f ]*
* =  6 ^ ~ f —  * (2 *80
S ince  t h e r e  should  be a c l o s e  c o n n e c t io n  between t h e s e  cont inuum 
s t a t e s  and t h e  doubly e x c i t e d  r i d g e  s t a t e s  t h a t  l i e  on t h e  o t h e r  s i d e  of  
t h e  t h r e s h o l d ,  t h e  w avefunc t ion  f o r  a high  doubly  e x c i t e d  r i d g e  s t a t e  
can be expec ted  to  be o b ta in e d  by energy  a n a l y t i c  c o n t i n u a t i o n  o f  
( 2 . 7 ) .  Then th e  most s imple  form of  i t  becomes
$ v( R , e , Y) = R5/ 2+2( ' ,- 1> exp [ - (R /R Q) ]e x p [ -Ri^ (C +A62+By2 ) ] ( l - 2 s 2) v
( 2 .9 )
w i th  v = 1 , 2 , 3 , .  . ,
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1 O V* *?
Terms such as exp-(AR"% ) and exp-(BR2y ) have been r e t a i n e d  in  t h e  
su g g es ted  w avefunc t ion  o f  a r i d g e  s t a t e ,  s i n c e  t h e  c o r r e l a t i o n  p a t t e r n  
i s  smoothly connec ted  a c r o s s  t h e  t h r e s h o l d .  The c o r r e l a t i o n  e f f e c t s  a r e  
c o n s id e re d  t o  ex tend  c o n t in u o u s ly  and remain unchanged f o r  t h e  f a m i ly  of  
high r i d g e  s t a t e s  and t h e  a d j o i n i n g  cont inuum. In o t h e r  words,  t h e  
( q u a s i )  bound s t a t e s  s h a re  a common c o r r e l a t i o n  s t r u c t u r e  w i th  th e  
cont inuum s t a t e s  and a r e  d e s c r ib e d  by t h e  l a s t  e x p o n e n t i a l  f a c t o r  in
D
( 2 . 9 ) .  On th e  o t h e r  hand,  t h e  e x p o n e n t i a l  f a c t o r  e x p - ( ^ - )  in  ( 2 .9 )  i s  a
o
c h a r a c t e r i s t i c  f e a t u r e  f o r  a bound s t a t e  as i t  d e s c r i b e s  t h e  f a l l - o f f  of  
t h e  wave f u n c t i o n  p a s t  a va lue  R0 which r e p r e s e n t s  t h e  s i z e  of  t h e  
sys tem.  The jump by two powers o f  R in  going from one t o  t h e  nex t  can 
be r a t i o n a l i z e d  on th e  b a s i s  t h a t  we a r e  d e a l in g  w i th  a t w o - e l e c t r o n  
w a v e fu n c t io n ,  t h e  s t e p  from one t o  t h e  nex t  in v o lv in g  an a d d i t i o n a l  
f a c t o r  o f  r ^ 2 . The l a s t  te rm ( l - 2 g  ) v in ( 2 .9 )  a l s o  comes from th e  
a d d i t i o n a l  f a c t o r  o f  r ^  as i t  i s  t h e  expans ion  o f  s in a c o s a  around 
a=Vf- Energy e i g e n v a lu e s  E w i l l  depend on ly  on t h e  unknown p a ram e te r  RQ 
and hence we can de te rm ine  t h e  s t a t i o n a r y  energy  va lue  v a r i a t i o n a l l y  
w i th  r e s p e c t  t o  t h a t  p a r a m e te r .
A f t e r  s u b s t i t u t i n g  ( 2 .9 )  i n t o  Eq. ( 2 .5 )  and some a l g e b r a i c  
m a n i p u l a t i o n ,  one g e t s  t h e  c o e f f i c i e n t  o f  1/R te rm s  as
{J 4 v ± U  + (C±A.b W ) 2 + 4A2 62 + 16(1+462) b 2 y2 
0
j, 2
+ (2Ze f f  + 4 , o 2 -  (2 .1 0 )
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All  t h e  1/R te rms a r e  made to  cance l  each o t h e r  in  o r d e r  t o  t a k e
i n t o  accoun t  t h e  coulomb i n t e r a c t i o n  in c lu d in g  i t s  c o r r e l a t i o n
2 2 p i e c e s  e /R and y /R.  This  r e q u i r e s
C = _ [ 4 (4v+l )  _ 8 Z Y* (on ly  a n e g a t i v e  v a lu e  i s  a d m is s i b l e )  ,
(2 .11a )
A ,  „C_ ± _ (2 U b )
2 4 2 4 2 2We i g n o r e  t h e  h ig h e r  o r d e r  te rms such as A 6 , B y and ABy e f o r  th e
p r e s e n t  bu t  th e y  w i l l  be r e t a i n e d  in  our  numerical  work.  The v a lu e s  o f
A, B and C in  (2 .11 )  would reduce  to  th o s e  in  (2 .9 )  f o r  t h e  continuum
i f  R •> oo.o
The remain ing  te rms in  (2 .5 )  a re
2E$ (R ,3 ,y )  = {- K  -  - £ - r  + 4 t o  [ (2v+^)C + 16B + 2A) + %
V K  M a R R0 0
-  -  ( ( 2 ^ ) A  + 64B -  16vA) - k ?  ) 1 **
RoR:
-  [ - ^  -  ( 2 ^ - f )  - § 7 2 ]y2 } *v (R ,e ,y )  (2 .12 )
RoR 2 R
1 e2 2as we r e t a i n  t h e  te rms up t o  o rd e r  - ~ 3 and I n . In t a k i n g  t h e s e
R Ri / d
s t e p s  o f  t h e  a p p ro x im a t io n ,  we have been guided  by t h e  t r e a t m e n t  which 
has  proved s u c c e s s f u l  f o r  t h e  tw o - e l e c t r o n  cont inuum s t a t e  n e a r  
t h r e s h o l d . ^
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We now m u l t i p l y  4> ( R , b , y) on each s i d e  of  t h e  e x p r e s s i o n  (2 .1 2 )  and
perform a l l  t h e  invo lved  i n t e g r a t i o n s  with  th e  r anges  of
i- J-
0<R<°°, -o°<R4e<<*> and -®<R4y<«°. Upon r e t a i n i n g  th e  r e a l  te rm s  al 
making a f u r t h e r  s i m p l i f i c a t i o n ,  we have th e  energy  e x p r e s s io n
2E (R ) = -  —  -  C ( 2 ) 2E 1( 8 v + l )  _ E 1( 8 v )
v o  r 2 r3 / 2 ( 8 v+ 2 ) E. ( 8 v+ 2)  R ^ ( 8 v+ 2 ) ( 8 v+ 1 ) E ' ( 8 v+ 2 )
* [«2v4 > c + f i ]  ------------
a *  Rq ( 8 v + 2 ) ( 8 v + l ) ( 8 v ) E 1( 8 v + 2 )
+ [ v - | |  + 4 ( l - f ) ] ^  a
L Rq ( 8 v + 2 ) ( 8 v + l ) ( 8 v ) ( 8 v - 1 ) E 1 ( 8 v + 2 )
(2 .13 )
with
B1 = (CT + 3 2 ( 2 ) ^ . (2 .14 )
The E‘ (n) a r e  r e p e a t e d  i n t e g r a l s  o f  t h e  e r r o r  f u n c t i o n ,  d e f in e d  as
E ' ( n) = Jy Jy J y   J °  e r f c ( t )  d t  (2 .1 5 a )
n i n t e g r a l s
with
Rn t.
y = C ( / ) 2, (2 .15b )
and
2
e r f c ( t )  = 2 tt 5 f£  e~x dx (2 .1 5 c )
To de te rm ine  th e  minimum value  of  E, we d i f f e r e n t i a t e  E i n  (2 .13 )  
w i th  r e s p e c t  t o  R0 and s e t  t h e  d i f f e r e n t i a l  equal  to  z e r o .  This  
d e t e rm in e s  t h e  va lue  o f  R0 f o r  t h e  s t a t i o n a r y  energy  and s u b s t i t u t i n g  
t h i s  v a lu e  o f  R0 back in t o  (2 .13 )  y i e l d s  t h e  d e s i r e d  v a r i a t i o n a l  energy  
f o r  d i f f e r e n t  v a lues  o f  v. The i n t e g r a l  in  (2 .15 )  can be ex p re s s e d  in 
te rm s  of  r e c u r s i o n  r e l a t i o n s  o f  an e r r o r  f u n c t i o n  ( see  Appendix A) and 
hence t h e  numerical  energy v a l u e s  can be computed c o n v e n i e n t l y .
( i i i )  R e s u l t s  and D is cu s s io n s
With t h i s  s im ple  sugges ted  t r i a l  w av e fu n c t io n ,  energy  v a l u e s  w ith  
Z= l ,2  a r e  worked ou t  f o r  some va lues  o f  v. The r e s u l t s  a r e  p r e s e n t e d  in  
Tab les  1 and 2 and compared with  H o ' s ^  and Matsuzawa1 s ^  c a l c u l a t i o n s ,  
which a r e  r e s p e c t i v e l y ,  t h e  b e s t  complex c o o r d i n a t e  and h y p e r s p h e r i c a l  
c a l c u l a t i o n s  in  t h e  l i t e r a t u r e .  We compare our  d a t a  t o  t h e i r s  when 
a v a i l a b l e ,  our  own r e s u l t s  being r e a d i l y  ex tended  to  l a r g e r  quantum 
numbers th a n  c a l c u l a t e d  by them. The comparison shows t h a t  t h i s  
w avefunc t ion  co r re sp o n d s  t o  an energy  s t a t e  w ith  c o n f i g u r a t i o n  NsNs o r  
N(N-1 ,0)+N, acco rd ing  t o  an independent  e l e c t r o n  l a b e l i n g  o r  L i n ' s
OA
l a b e l i n g .  F u r t h e r ,  our  r e s u l t  shows t h a t  on ly  energy  v a lu e s  w i th  
a l t e r n a t i n g  powers o f  R have co r respondence  w i th  t h e  low es t  energy  
member w i t h i n  each t h r e s h o l d  N.
The r e s u l t s  a r e  enco u ra g in g .  The d i s c r e p a n c y  between ou r  r e s u l t s  
and th e  e l a b o r a t e  numerical  c a l c u l a t i o n s  g e t s  s m a l l e r  f o r  energy  s t a t e s  
w i th  h i g h e r  v a lu es  o f  v (o r  N). This  i s  as  expec ted  because  o f  t h e  
i n t i m a t e  c o n n e c t io n  between th e  double  i o n i z a t i o n  problem and doubly
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e x c i t e d  s t a t e s  t h a t  we have e x p l o i t e d  so t h a t  our  p i c t u r e  a p p l i e s  w ith  
more accu racy  t o  t h e  h i g h e r  s t a t e s .  Our v a r i a t i o n a l  method i s  
i n a p p l i c a b l e  f o r  low v v a l u e s  when C in  (2 .11a )  i s  no longe r  r e a l  and 
p o s i t i v e .  The r ea s o n  i s  t h a t  th e  e f f e c t i v e  charge  does no t  seem t o  be 
s t r o n g  enough t o  hold  them. The s t r u c t u r e  o f  w avefunc t ions  f o r  th o s e
s t a t e s  needs more s tudy  in t h e  f u t u r e .  The numerical  v a lu e s  o f  A, B and
C a r e  e s s e n t i a l l y  c o n s t a n t  and independen t  o f  N. The numerica l  v a lu e  of
t h e  pa ram e te r  R0 i s  r e l a t e d  t o  t h e  t h r e s h o l d  N and can be approx imated 
as
R0 (N) « N R^ (2 .16 )
Numerical c a l c u l a t i o n s  show t h a t  R^ i s  around 0 .34  a . u .  and 0 .15  a . u .  
f o r  H" and He (Z = l ,2 )  atoms.  T h e r e f o re ,  when N i s  s u f f i c i e n t l y  h igh
C “ (r  -  8ze f f )!s> N*“  <2 - 17>0
and e x p l a i n s  t h e  co n s tan c y  o f  A, B and C. However, when t h e  ene rgy  E>0, 
t h e  above r e l a t i o n  no longe r  ho lds  and RQ i s  i n f i n i t e ,  making f o r  
d i s c o n t i n u i t i e s  in  A, B and C when th e y  c r o s s  above t h e  t h r e s h o l d .
Exper imenta l  d a t a  and e l a b o r a t e  c a l c u l a t i o n s  have sup p o r ted  th e  
g r a n d p a re n t  s ix -d im e n s io n a l  model f o r  doubly e x c i t e d  r i d g e  s t a t e s  
proposed by Rau.*®’ ^  Energy v a lu es  can be f i t t e d  t o  a s i x  d im ens iona l  
Rydberg fo rmula  very  w e l l ,  which i s  s i m i l a r  t o  a 3 -d im ens iona l  one f o r  
hydrogen ic  a toms.  For our  sugges ted  w ave func t ion ,  as  t h e  energy  
dependence ( i . e .  N-dependence) should  come from t h e  e x p o n e n t i a l  f a c t o r  
exp-(R/RQ) a l o n e ,  t h e  s c a l i n g  in  (2 .16 )  i s  y e t  a n o t h e r  p o i n t e r  t o  t h e
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v a l i d i t y  o f  t h e  proposed model t h a t  views t h e  p a i r  a s  a s i n g l e  e n t i t y .  
The v a lu e s  f o r  Ey in  Tab les  ( 2 .1 )  and ( 2 .2 )  conform well  w i th  t h a t  
fo rm ula
E = (2 .18 )  
(n+^-p)
ex c e p t  t h a t  n=2v-l runs  on ly  o ve r  odd i n t e g e r s .  The p a ra m e te r s
a and p t a k e  t h e  v a l u e s  0 .02  and - 0 . 0 2 ,  r e s p e c t i v e l y ,  f o r  H", and
s i m i l a r l y  f o r  - 0 .0 8  and - 0 .0 3  and f o r  He.
Another  i n t e r e s t i n g  f e a t u r e  i s  t h a t  i f  each e l e c t r o n  has t h e  same
Rr a d i a l  e x t e n s i o n  ( r . ^ r , *  r ,  N=n), t h e  e x p o n e n t i a l  p a r t  o f  t h e  p ro d u c t
1 2 (2 )*
of  two hyd rogen ic  w avefunc t ions  e x p [ -Z ( r^  + ^ J / N ]  can be approxim ated
as exp-(2ZR/N).  By comparing i t  w i th  t h e  r a d i a l  e x p o n e n t i a l  p a r t
exp-(R/R n ) o f  ou r  sugges ted  w ave func t ion ,  R' co r re s p o n d s  t o  — .
, 0 (2)*Z
But,  t h e  v a l u e s  of   r -  a r e  0.707  and 0 .354  f o r  H" and He which a r e
(2) 2Z
very  c l o s e  t o  tw ic e  our  numerica l  v a lues  R^. The d i f f e r e n c e  may be 
r e g a rd e d  as  r e f l e c t i n g  e l e c t r o n  c o r r e l a t i o n s .
Table  ( 2 .3 )  shows our  ex tended  c a l c u l a t i o n s  o f  t h e  Helium 
i s o e l e c t r o n i c  sequence w i th  Z runn ing  from 1 t o  6.  Of c o u r s e ,  t h e  
c o r r e l a t i o n s  a r e  expec ted  t o  be l e s s  im por tan t  f o r  h i g h e r  v a lu e s  o f  Z.
C. Wavefunc tions  with  o t h e r  symmetries
In t h i s  s e c t i o n ,  we ex tend  our  work and c o n s i d e r  t h e  w av e fu n c t io n  
of  s t a t e s  w i th  o t h e r  v a l u e s  of  t h e  quantum numbers L, S and ir ( t h e  t o t a l  
o r b i t a l ,  s p in  a n g u l a r  momenta and p a r i t y ,  r e s p e c t i v e l y ) .  The 
w avefunc t ion  has been proposed by Klar  and S c h le c h t  b e fo re  and i t  has 
t h e  form‘d
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V R0 ( a . u . ) t h i s  s tudy
TABLE 2 .1
- E n e r g y ( a . u . )
N Hoa Matsuzawi
4 1.58 0.03272 4 0.03964 0.03992
5 1.80 0.02179 5 0.02570 0.02602
6 2.07 0.01543 6 0 .0180 0.01821
7 2 .35 0.01146 7 0.01353
8 2 .64 0.00883 8 0.01042
9 2 .94 0.00702 9 0.00827
10 3 .24 0.00569 10
11 3.54 0.00471 11
The *Se r i d g e  s t a t e s  o f  H" ion  w i th  c o n f i g u r a t i o n  N(K=v-l ,T=0)+N 
Comparison i s  made w i th  o t h e r s '  a c c u r a t e  r e s u l t s .
aFrom Ref.  23.
bFrom Ref.  25.
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TABLE 2 .2  
- E n e r g y ( a . u . )
R0 ( a . u . )  t h i s  s tudy)  N Ho Matsuzawa
3 0.53 0.3047 3 0.3535 0.3529
4 0 .6 6 0.1861 4 0.2010 0.2012
5 0 .76 0.1226 5 0.1294 0.1303
6 0 .87 0.0863 6 0.0903 0 .0908
7 0 .99 0.0638 7 0 .0675
8 1.12 0.0490 8
9 1.24 0.0388 9
10 1.37 0.0319 10
The XSe r i d g e  s t a t e s o f  He atom with c o n f i g u r a t i on N(K=N- 1 ,T=0)+N.
aFrom Ref.  23.
^From Ref.  25.
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N H" He
TABLE 2 .3  
Li+ Be2+ b3+ C4+
4 0.0327 0.1861 0.4655 0.8723 1.4048 2.0632
5 0.0218 0.1226 0.3051 0.5697 0.9168 1.3459
6 0.0154 0.0863 0.2140 0.3995 0.6425 0 .9428
7 0.0115 0.0638 0.1581 0.2948 0.4379 0.6955
8 0.0070 0.0490 0.1213 0.2262 0.3635 0.5332
9 0.0057 0.0388 0.0959 0 .1788 0.2873 0.4215
10 0.0047 0.0319 0.0778 0.1447 0.2326 0.3414
Energy v a l u e s  of  t h e  Helium i s o e l e c t r o n i c  sequence w i th  c o n f i g u r a t i o n  
N(K=N-1,T=0) N.
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<t> (L .S .n )  -  f(o») exp[ - (R /R 0 )]Rn exp (R^) (<«>)) . ( 2 .19 )
where f  and Q a r e  f u n c t i o n s  of  t h e  h y p e r s p h e r i c a l  a n g l e s .
We add an e x t r a  te rm exp[- (R /RQ)] t o  th e  proposed w ave func t ion  by 
K la r  and S c h le c h t  (which was f o r  a continuum s t a t e )  as we c o n s i d e r  a 
bound s t a t e  w avefunc t ion  now. Here ui deno te s  t h e  s e t  of  f i v e  a n g u l a r  
c o o r d i n a t e s  c o n s i s t i n g  o f  t h e  two h y p e r s p h e r i c a l  c o o r d i n a t e s  
3 (= V t -  a) and y (= tt - s ^ )  and th e  t h r e e  E u le r  a n g le s  t h a t  d e f i n e  t h e  
o r i e n t a t i o n  in  space  o f  t h e  p lane  c o n t a in in g  th e  two e l e c t r o n s  and t h e  
c o r e .  The E u le r  a n g l e s  do no t  e n t e r  t h e  problem when L=0, but  t h e y  have 
t o  be c o n s id e re d  when L*0, t h u s  c o m p l ic a t in g  t h e  a n a l y s i s .  The g e n e ra l  
form o f  (2 .19 )  has j u s t  been d i s c u s s e d  s p e c i f i c a l l y  w ith  r e s p e c t  t o  t h e
1 Ps t a t e  w i th  symmetry S . Th is  w avefunc t ion  i s  i s o t r o p i c  i n  t h e  Eu le r
0 0 0
a n g l e s ,  f(u>) i s  (1 -  2b ) v and Q(u>) reduces  t o  -(C + A3 + By ) upon
comparing (2 .19 )  w i th  ( 2 . 9 ) .  S ince  Q(u) i s  symmetric in t h e  exchange of
t h e  two e l e c t r o n s ,  symmetry a s p e c t s  f o r  o t h e r  (L ,S ,u )  s t a t e s  a f f e c t
f(to) a l o n e .  The s tudy  o f  t h e  c o n t r i b u t i o n  t o  f(u>) o f  d i f f e r e n t
27symmetries  has been d i s c u s s e d  by Greene and Rau. Here we make a b r i e f
summary o f  t h e s e  p r o p e r t i e s .  F i r s t ,  t h e  r a d i a l  in t e r c h a n g e  has t h e
e f f e c t
f (w) J TTg ( " 1) L+S f (<°) L-1 > even p a r i t y  . (2 .20 )
T h e r e f o r e ,  t h e  *Se and ^Pe s t a t e s  a r e  symmetric in  b , whereas  t h e  % e
1 p
and P s t a t e s  a r e  a n t i s y m m e tr ic  in  3 . For a l l  o t h e r  s t a t e s  t h e  
f u n c t i o n  f(w) i s  n e i t h e r  even nor odd w i th  r e s p e c t  t o  3 , b u t  can be 
ex p re s s e d  as a l i n e a r  com bina tion  of  even and odd components
27
[ f + (w) and f “ (ui)] .  Secondly ,  f o r  c e r t a i n  combinations  o f  L,S and n,  t h e  
even component f + (ui) i s  odd with  r e s p e c t  t o  th e  o p e r a t i o n  y-^-y and hence 
v a n i s h e s  a t  t h e  Wannier p o i n t .  In f a c t ,  on ly  i f  L,S and n a r e  e i t h e r
a l l  even o r  a l l  odd,  i s  f + (w) non-zero  a t  th e  Wannier p o i n t ,  w h i le  t h e r e
i s  a node t h e r e  in  a l l  o t h e r  c a s e s .  On t h i s  b a s i s ,  we can d e t e rm in e  t h e  
s i m p l e s t  form of  f(w) around th e  sa d d le  p o i n t  f o r  d i f f e r e n t  
sym m etr ies .  We c o n s id e r  energy  s t a t e s  w i th  symmetries ^Se , ^Pe , *P° and 
^P° o n l y .  The s i m p l e s t  forms of  f(ui) f o r  them a r e  a c o n s t a n t ,  
y ,  ae+bY and a+bBY. r e s p e c t i v e l y ,  where a and b a r e  c o n s t a n t s  and a r e
9 u 1 o
accompanied by th e  f a c t o r  ( l - 2 g  ) . Symmetries P° and P° a r e  composed 
o f  f + (w) and f _ (ui) which co r respond  to  "+" and s t a t e s
r e s p e c t i v e l y .  The a n a l y t i c a l  s t r u c t u r e  of  ( 2 .1 9 )  f o r  t h e  low es t  r i d g e
s t a t e  w i t h i n  a m an ifo ld  N f o r  d i f f e r e n t  symmetries can be summarized as 
f o l l o w s :
' s e : * = r5 /2+2(N-1) , , - A r V  , - B r V  (1_2fJ2)N (2 _2 U )
3Pe : * -  rS / 2+2 ( H - 1 )  e - ( R/ V CR%) , , - A r V  (R%Tj e-BR^r2(1_262) N
(2 .21b)
V ' V  " * .  r 5 / 2 + 2(K -1 )  e - ( R/ Ro +CR%) 6 - A r V  (R(l>)e- B R V (1. 2B2)N
(2 .2 1 c )
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V " - "  : ♦ -  r 5 / 2 +2 ( N - 1 )  e ' <R/Ro+CR2) (RilB)e- A R \ 2 e -BR%Y2 (1 _2e2 )N
( 2 . 21d)
3P ° ' V  : * = r 5/2*2(N-1) e - W Ro+CR > ,,-ArV  e -BR%Y2 (1_2b2 )N
(2 .2 1 c )
3P °“-"  : 4> = r 5/ 2+2( n“ 1) e (R/R° CR \ R ^ 6 ) e " AR262( R S ) e " BR2ir2( l - 2 B 2) N
(2 .2  I f )
w i th  N = 1,  2 ,  3 ,  . . .
Complementing th e  above d i s c u s s i o n  on how symmetry a f f e c t s  t h e  
w a v e f u n c t io n s ,  we t u r n  t o  examine how symmetry a f f e c t s  t h e  H am i l ton ian  
in  h y p e r s p h e r i c a l  c o o r d i n a t e s .  This  has been r a t h e r  f u l l y  t r e a t e d  by
OO
Morse and Feshbach.  In g e n e r a l ,  t h e  Hami l ton ian  f o r  each  
s p e c t r o s c o p i c  s t a t e  can be w r i t t e n  as
2 2 
{(  2 + 2 + + ~ 2  2  ^ + ~2  2 36 ( s i n e . p  ttj )
sR 4R R 3a R s i n  2a s i n e 12 3012 u  3012
2C (a ,0^2 ) c,  c2 _
(2 . 22 )
where c-  ^ and c 2 a r e  o p e r a t o r s  a c t i n g  on $ and th e  t r a n s p o s e
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$ (where ( H R j a s O - ^ ^ i K R j V - a . O j p ) ) r e s p e c t i v e l y ,  and C2 depend on 
t h e  v a r i a b l e s  a ,  0 ^  and t h e  e x p r e s s io n s  f o r  d i f f e r e n t  symmetr ies  a r e
1Se : Cj_ = 0 ,  c 2 = 0 (2 .2 3 a )
3 p 4J Pe : c ,   ---------------  p-----  , c ? = 0 (2 .23b )
s i n  2o. s i n  012
P : c ,  -  p (COt0 ,p  -  1 ) ,  c 9 -1 "  c-i«2 ^ ^ 1 2  3 0 . o '  ^2 '  "  „ 2 . 30 -ros i n  a 12 cos a s in a  ^2 12
(2 .2 3 c )
3P° : Ci = — V  ( c o t 019 | t  1 ) ,  c ,  =
s i n  a 12 1 cos a s i n 0 12 12
(2 .23d )
With t h e  same p ro ced u re  as in t h e  p r e v io u s  s e c t i o n ,  we expand 
(2 .2 2 )  around t h e  sad d le  r e g i o n  and keep te rms up t o  t h e  f i r s t  non­
t r i v i a l  o r d e r  in  0 and y .  A f t e r  some a l g e b r a ,  we have
{-^2 + 2E + £ sz< |! )+ _ I  [ _ ! ? + 4(1 + 4,2) i L  + (1 .  JL|
3R R R 36 3 y
1 9 2
+ i  I 2Ze f f  + 4n6 -k r r
Co
+ K )  $ (R , 0 ,y )  = 0 , ( 2 .2 4 )
R
where and n have been d e f in e d  in  (2.6) and t h e  c o e f f i c i e n t s  c^ t a k e  
t h e  v a lu e s
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(2 .2 5 a )
3Pe : c 3 = -4 (1  + 4e2 ) ( ^ -  + | ) (2 .25b)
Y
c4 = ^ ( 1 - 2 b + 482 ) ( 2 .2 5 c )
(2 .25d )
w h i le
(2 .2 5 e )
( 2 . 2 5 f )
We nex t  s u b s t i t u t e  (2 .21 )  i n t o  Eq. (2 .24)  as  a p p r o p r i a t e  f o r  each
symmetry and fo l l o w  t h e  s t e p s  as in  (2 .10 )  t o  ( 2 . 1 2 ) .  The e x p r e s s i o n
f o r  t h e  en e rg y ,  ana logous  t o  ( 2 . 1 3 ) ,  i s  aga in  o b ta in e d  a n a l y t i c a l l y .
The s t a t i o n a r y  v a lu e  i s  t h e n  o b ta in e d  upon va ry ing  w i th  r e s p e c t  t o  RQ.
Tab les  2 . 4 - 2 . 7  show numerica l  r e s u l t s  f o r  H“ and He with  d i f f e r e n t
?3 ?5sym m etr ie s ,  and comparison  w i th  o t h e r  work * * whenever a v a i l a b l e .
D. P r o p e r t i e s  o f  Ridge S t a t e s
( i )  Connect ion w i th  Wannier S t a t e s
We t u r n  t o  a d i s c u s s i o n  o f  some b a s i c  p r o p e r t i e s  o f  t h i s  s p e c i a l  
c l a s s  o f  doubly  e x c i t e d  s t a t e s .  C a l c u l a t i o n s  w ith  e x t e n s i v e  b a s i s  s e t s  
based  on independen t  e l e c t r o n  c o n f i g u r a t i o n s  g iv e  f a i r l y  a c c u r a t e  
r e s u l t s .  But th e y  do not  p ro v id e  a p h y s ic a l  p i c t u r e  u n l e s s  one can 
deve lop  s imple  p i c t u r e s  f o r  d i s p l a y i n g  th e  numerous te rms in  t h e
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N t h i s  s tudy
TABLE 2 .4  
- E n e r g y ( a . u . )
Hoa Komninos*5
4 0.03316 0.03716 0.03735
5 0.02241 0.02458 0.02462
6 0.01597 0.01738 0.01743
7 0.01189 0.01302
8 0.00917 0.01009
9 0.00728 0.00805
10 0.00591
11 0.00492
l p °  n+ .i s t at es o f  H“ w i th  c o n f i g u r a t i o n  N(K=N-2,T=1)+N. 
aFrom Ref.  23 
^From Ref.  29
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TABLE 2 .5
- E n e r g y ( a . u . )
N t h i s  s tudy  Matsuzawaa Komninosb
3 0.3011 0.3376 0.3357
4 0.1887 0.1957 0 .1948
5 0.1262 0.1267
6 0.0892 0 .0890
7 0.0661 0.0659
8 0.0508 0.0507
9 0.0401 0 .0402
10 0.0324
11 0.0268
12 0 .0224
l p °  ii+ h s t a t e s  o f  He atom w i th  c o n f i g u r a t i o n  N(K=N-2,T=1)+N. 
a From Ref.  25 
bFrom Ref.  29
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N
TABLE 2 .6
H"
-Energy ( a . u . )
He
-Energy  ( a . u . )
5 0.1821 0 .1052
6 0.01328 0 .0760
7 0.01011 0.0573
8 0.00795 0 .0446
9 0.00635 0.0357
10 0.00521 0.0292
The ^P° doubly e x c i t e d  r i d g e  s t a t e s  of  H“ and He below t h e  hyd rogen ic  
t h r e s h o l d  N.
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TABLE 2. 7
N
H" "+" s t a t e  
- E n e r g y ( a . u . )
H- "-"  He 
- E n e r g y ( a . u . )
"+" s t a t e  He 
- E n e r g y ( a . u . )
s t a t e
-Energy(a ,
4 0.03251 0.03228 0.1849 0 .1835
5 0.02163 0.02150 0.1217 0 .1209
6 0.01538 0.01526 0.0858 0 .0849
7 0.01141 0.01138 0.0635 0 .0628
8 0.00881 0.00776 0.0488 0 .0483
9 0.00699 0.00695 0.0386 0 .0382
10 0.00568 0.00566 0.0317 0 .0315
The ^P° doubly  e x c i t e d  r i d g e  s t a t e s  of  H“ and He below t h e  hyd ro g en ic  
t h r e s h o l d  N.
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e l e c t r o n i c  w avefunc t ions  and t h e  c o r r e l a t i o n s  th e y  imply .  The
0(1
c o r r e l a t i o n  p a t t e r n  has been d i s p l a y e d  g r a p h i c a l l y  by LinJU and in  an
31a l t e r n a t i v e  way by Berry  and h i s  co -w orke r s .  On th e  o t h e r  hand,  we 
have t r i e d  t o  make a b a s i c  change of  ground and s t a r t  w ith  a s im ple  
a n a l y t i c a l ,  e x p l i c i t l y  c o r r e l a t e d  form. Our t r i a l  w avefunc t ion  in 
h y p e r s p h e r i c a l  c o o r d i n a t e s  has a s p e c i f i c  form in  i t s  dependence on t h e  
a n g u l a r  v a r i a b l e s  (which c a r r y  t h e  c o r r e l a t i o n  i n f o r m a t i o n ) .  High ly in g  
doubly  e x c i t e d  r i d g e  s t a t e s  have t h e  p r o p e r t y  t h a t  th e y  may be expec ted  
t o  l e a d  smoothly t o  t h e  low ly in g  two e l e c t r o n  continuum Wannier s t a t e s  
above t h e  double  i o n i z a t i o n  t h r e s h o l d .  T h e o r e t i c a l  and ex p e r im en ta l  
s t u d i e s  v e r i f y  t h a t  double  i o n i z a t i o n  nea r  t h r e s h o l d  o c c u r s  on ly  i f  t h e  
two e l e c t r o n s  remain ro u g h ly  a t  t h e  same d i s t a n c e  from t h e  c o re  d u r in g  
t h e  l a r g e  p a r t  o f  t h e  escape  p r o c e s s .  Th is  means t h a t  t h e  s t a t e s  a r e  
c o n f in e d  t o  o t h e r w i s e ,  t h e  "dynamic s c r e e n in g "  e f f e c t  would cause
one o f  e l e c t r o n s  t o  t a k e  most of  t h e  a v a i l a b l e  en e rg y ,  h in d e r i n g  t h e  
p o s s i b i l i t y  of  double  e s c a p e .  S i m i l a r l y ,  t h e  p ro c e s s  of  p o p u l a t i n g  
t h o s e  h igh ly in g  e x c i t e d  r i d g e  s t a t e s  a l s o  r e q u i r e s  l a r g e  non -ze ro  
charge  d e n s i t y  f o r  a » V *
( i i )  D i s c u s s i o n  of  P rev ious  Rydberg Formulae
The energy  l e v e l s  o f  r i d g e  s t a t e s  can be f i t t e d  t o  e m p i r i c a l
Rydberg formulae  proposed  by Read and Rau. The Rydberg model was
3?s u g g e s te d  by Read and th e  e m p i r i c a l  e x p r e s s io n  i s
E .  , 2 + -  H j l o I L  ( a . u . )  
(n - , , )2
( 2 .2 6 )
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P h y s i c a l l y ,  t h e  above formula  (2 .2 6 )  views th e  s t a t e s  a s  two 
Rydberg e l e c t r o n s  m utua l ly  sc r e e n in g  each o t h e r  from th e  c o r e ,  th e  
e f f e c t i v e  charge  expe r i enced  by each being ( Z - o ) ,  where o i s  a s c r e e n i n g  
c o n s t a n t .  Read sugges ted  t h a t  a be which c o r re sponds  t o  t h e  Wannier 
c o n f i g u r a t i o n  of  t h e  e l e c t r o n s  ly in g  on o p p o s i t e  s i d e s  o f  t h e  c o r e .  The 
energy  in  (2 .26)  i s  e q u i v a l e n t  t o  a p a r t i c l e  o f  reduced mass %me having 
a p o t e n t i a l  energy  - 2 ( Z - ^ ) / r .  y^ i s  t h e  s i n g l e  e l e c t r o n  quantum d e f e c t
9 1 a
and i s  s e t  equal  t o  ze ro  f o r  t h e  (ns S ) c o n f i g u r a t i o n .  Thus t h e
OO
energy  l e v e l s  w i th  t h i s  c o n f i g u r a t i o n  a r e  g iven  as
E(N,N) = I 2+ -  & - h ) 2. . ( 2 .27 )
N
The l i m i t a t i o n  of  R ead ' s  e x p re s s io n  i s  t h a t  no in f o r m a t io n  about  
e l e c t r o n  c o r r e l a t i o n s  i s  in c lu d e d  a p a r t  from t h e  i n i t i a l  m o t i v a t i o n  
f o r  a=^.  A f t e r  t h a t ,  t h e  two e l e c t r o n s  a r e  t r e a t e d  e q u i v a l e n t l y  but  
in d e p e n d e n t l y .
On th e  o t h e r  hand,  Rau viewed th e  two e l e c t r o n s  as  a s i n g l e  e n t i t y  
a t t a c h e d  t o  t h e  g r a n d p a re n t  ion .  The energy  l e v e l s  can be f i t t e d  t o  a
pi
R y d b e rg - l i k e  fo rmula  in  a sc reened  s ix -d im e n s io n a l  coulomb p o t e n t i a l * " :
E = I 2+ _ 4(Z -  -  a) 2 ' v = ( 2 .2 8 )
(\> + 1 . 5  -  y )
w ith  two f i t t e d  c o n s t a n t  p a ram e te r s  a and y ,  analogous  t o  a s c r e e n i n g  
c o n s t a n t  and a quantum d e f e c t .  The c o n s t a n t  1 .5  in  t h e  denom ina to r  i s  
c h a r a c t e r i s t i c  o f  s i x  d im ens ions .  The v a lu e s  of  a and y were f i x e d  by 
s tudy  o f  some numerical  c a l c u l a t i o n s  o f  doubly e x c i t e d  r i d g e  s t a t e s  in  
t h e  t w o - e l e c t r o n  i s o e l e c t r o n i c  sequence with  Z<5.*® They were
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a = h i  ~ 0 .1 6 4
v = 1 .5  (1 -  0 .1 /Z )  . (2 .29 )
T h i s  s i x  d im ens iona l  Rydberg fo rmula  i n c o r p o r a t e s  t h e  c o r r e l a t i o n  
between t h e  two e l e c t r o n s  th rough  t h e  above f i t t e d  p a r a m e te r s .  However, 
th e y  a r e  de te rmined  e m p i r i c a l l y  and have not  y e t  been d e r iv e d  e x p l i c i t l y  
from th e  e l e c t r o n  c o r r e l a t i o n s .
R e c e n t ly ,  Lin and Watanabe developed a new Rydberg fo rm ula  based  
on t h e  framework o f  L i n ' s  c l a s s i f i c a t i o n  o f  doubly  e x c i t e d  s t a t e s :
E(N,N) = -  ( 2 .3 0 )
N
w ith
a = ---------- 5---------------------------------------- s----------------------------- 5 . (2 .31 )
(24 + %  [ 7(N+K+1)(N+K-l) + 7T* -  6L(L+1) + 12]}*
N
The advantage  o f  t h i s  fo rmula  i s  t h a t  t h e  energy  l e v e l s  o f  a l l  
doubly  e x c i t e d  r i d g e  s t a t e s  can be e v a l u a t e d  w i th o u t  any f r e e  
p a r a m e te r .  But t h e  r e l a t i v e  e r r o r s  a r e  q u i t e  l a r g e  when th e y  compare 
w i th  o t h e r s '  a c c u r a t e  r e s u l t s .
( i i i )  Modified Six Dimensional  Rydberg Formula
A f t e r  we have s t u d i e d  t h e  s t r u c t u r e  o f  t h e  w avefunc t ion  f o r  a r i d g e  
s t a t e  and th e  c o r re s p o n d in g  Hamilton ian  around th e  Wannier p o i n t  in  
h y p e r s p h e r i c a l  c o o r d i n a t e s ,  we can propose a n o t h e r  Rydberg fo rm ula  f o r
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t h e s e  s t a t e s .  The formula i s  very s i m i l a r  t o  Rau 's  bu t  w i th  some 
m o d i f i c a t i o n s  and r e i n t e r p r e t a t i o n s .  As we know, t h e  r a d i a l  
w avefunc t ion  f o r  a o n e - e l e c t r o n  atom in  D dimensions  i s
+ 2E + + | ^ ) R (D -1) /2  <j,(R) = 0 , (2 .32 )
aR R K
and th e  co r re s p o n d in g  energy  e ig e n v a lu e s  a re
Z 2
E = -  ---------- ------------ ^ . (2 .33 )
2[n-l+Jg(D-l) ]
By i n s p e c t i o n ,  Eq. (2 .12 )  f o r  a r i d g e  s t a t e  i s  ana logous  t o  Eq.
2 2( 2 . 3 2 ) ,  exce p t  t h a t  t h e  term Z i s  r e p la c e d  by (Z + n6 -  — r ) , ande r r  8 ( 2 ^
t h e  te rm in  —~ i s  com pl ica ted  by th e  dependence on e and y 
R
c o o r d i n a t e s .  However, we have adopted th e  s t e p  of  making a l l  (1/R) 
te rm s  cance l  w i th  each o t h e r  in  o r d e r  t h a t  i t  re sem bles  t h e  o r d i n a r y
coulomb problem in ( 2 . 3 2 ) .  The incomple te  c a n c e l l a t i o n  o f  1/R te rms
A284 B2 4  AB2y2( te rm s  w i th  h ig h e r  o rd e r  p — and — p1-  have no t  been t r e a t e d  and
p
ignored )  and th e  d i f f e r e n c e  between th e  1/R te rm s  w i l l  be r e f l e c t e d  by
two p a ram e te r s  s i  and s2 in  t h e  fo l lo w in g  modif ied  energy  e x p r e s s i o n
which i s  a p p r o p r i a t e  t o  th e  r i d g e  s t a t e s  (D=6) :
<Ze f f  + s l >2E = -  -------^ ^  . (2 .34 )
2(n  + 1 .5  + s2)
E x p res s io n  (2 .34 )  i s  i d e n t i c a l  t o  (2 .28 )  i f  t h e  a l lowed v a l u e s  o f  n 
run  from 1 t o  But as remarked in  Sec.  B, on ly  a l t e r n a t e  powers a r e
a l low ed  in  t h e  r a d i a l  p a r t  o f  th e  sugges ted  w av e fu n c t io n .  This  
co r r e s p o n d s  to  a r e s t r i c t i o n  t h a t  on ly  odd v a lu e s  of  n a r e  p e r m i t t e d .
I f  we r e p l a c e  n by 2 v-l w ith  v = l , 2 , . . .  , formula (2 .34 )  becomes
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( z e f f  +  S i )2
E  ----------—  ?  , ( 2 .3 5 )
8 (v + 1 .5  + s4)
with
s4  = Jgs2 -  1.25 . (2 .3 6 )
Comparing (2 .35 )  w i th  ( 2 . 2 8 ) ,  upon us ing  (2 .2 7 )  and ( 2 . 3 6 ) ,  i t  g i v e s  
s i  = 0 .22  ; s2 = - 0 . 5  + 0 .3 /Z  . (2 .3 7 )
( i v )  S i z e  of  t h e  system
29 35R e c e n t ly ,  s e v e r a l  p a p e r s  * have r e p o r t e d  t h e  mean v a l u e s  o f  r^  
and r 2 f o r  doubly  e x c i t e d  s t a t e s  w i th  symmetry *P°.  These mean v a l u e s  
r e p r e s e n t  t h e  e f f e c t i v e  r a d i u s  o f  th e  o r b i t  o f  each  e l e c t r o n .  R e s u l t s
show t h a t  f o r  energy  s t a t e s  w ith  p r i n c i p a l  quantum number N=n ( i . e .
2 2 2r i d g e  energy  s t a t e s ) ,  th e y  have < r 1>=<r2>. As r ^ + r 2=R , t h e  assum pt ion  
t h a t  <R>=(2 ) Js<r^>=(2 )^ < r2> i s  v a l i d  in a c e r t a i n  a p p ro x im a t io n .  We a l s o  
can employ our  sugges ted  w avefunc t ion  to  e v a l u a t e  t h e  mean v a lu e  o f  t h e  
s i z e  o f  t h e  sys tem,  i . e .  <R>, and compare with  o t h e r s '  r e s u l t s .  The 
av e ra g e  s i z e  o f  t h e  sys tem,  in  our  c a s e ,  can be ex p re s s e d  a n a l y t i c a l l y  
and t h e  form f o r  d i f f e r e n t  symmetries a r e :
<R\  = [ (4v+1>^ ( 8 v l 2 ) <8^ 4 ) l Ro ^ >  • <2 ‘38>
T ab le s  2 . 8 - 9  r e p o r t  numerica l  r e s u l t s  o f  t h e  mean v a l u e s  <R> f o r
V
H" and He w i th  symmetries  *Se and *P°.
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TABLE 2 .8  
H"
<r>n
He
3 21.65 9 .90
4 38.88 16.36
5 55.91 23 .72
6 77.16 32.59
7 102.08 43 .25
8 130.82 55.68
9 163.53 69 .27
10 199.88 84 .83
Average s i z e  o f  t h e  r i d g e  s t a t e s  w i th  symmetry ^Se ( i n  a . u . ) .
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<r>n
H"
TABLE 2 .9  
He
/ 2  <r>Na
H" He
3 18.93 9.95 23.99 10.41
4 35.08 14.62 41.47 18.41
5 51.18 21.44 64.32 28 .87
6 71.33 30.14 92 .08 42.11
7 94 .90 39.60 125.36 57.86
8 122.62 51.98 165.73 76.23
9 154.34 65.57 208.95 96 .97
10 189.20 80.24 120.08
Average s i z e  o f  t h e  r i d g e  s t a t e s  w i th  symmetry *P° ( i n  a . u . )
aFrom Ref.  29
CHAPTER I I I
STUDY OF DOUBLY EXCITED RIDGE STATES I I :  CONSTRUCTION OF A BASIS
S e c t i o n  A. I n t r o d u c t i o n
An independen t  e l e c t r o n  model t r e a t s  each e l e c t r o n  as in dependen t  
o f  t h e  p o s i t i o n  of  th e  o t h e r  e l e c t r o n s ,  and deve lops  a comple te  s e t  o f  
in dependen t  e l e c t r o n  w a v e fu n c t io n s .  I f  i t  happens t h a t  t h e  r e s i d u a l  
i n t e r a c t i o n  of  an e l e c t r o n  w i th  o t h e r s  i s  weaker th a n  i t s  i n t e r a c t i o n  
wi th  an average  a t t r a c t i v e  f i e l d  in  t h e  atom, t h e  independen t  e l e c t r o n  
w ave func t ions  d e s c r i b e  t h i s  s i n g l e  e l e c t r o n  w e l l .
Here we fo l l o w  th e  above p r i n c i p l e  bu t  t r e a t  t h e  two e l e c t r o n  p a i r  
as  an e n t i t y .  Th is  e n t i t y  i s  t r e a t e d  as a p p ro x im a te ly  in dependen t  of  
t h e  r e s t  o f  t h e  e l e c t r o n s  in  th e  atom. In th e  p r e v io u s  c h a p t e r ,  we have 
t r e a t e d  t h e  case  o f  two e l e c t r o n s  w ith  a ba re  nuc leus  ( t h e  He atom and 
i t s  i s o e l e c t r o n i c  s e r i e s ) .  Although t h e  two e l e c t r o n  H am i l ton ian  canno t  
be so lved  e x a c t l y ,  a t r i a l  w avefunc t ion  of  t h e  two e l e c t r o n  p a i r  was 
s u gges ted  and so lved  s e m i - a n a l y t i c a l l y .  Th is  w avefunc t ion  i s  ana logous  
to  a hydrogen w avefunc t ion  f o r  t h e  s tudy  o f  t w o - e l e c t r o n  p h y s i c s .  The 
d i f f e r e n c e  between them i s  t h a t  c o r r e l a t i o n  e f f e c t s  i n s i d e  t h e  p a i r  
e n t i t y  have been embodied in  th e  s t r u c t u r e  o f  our  s u g g e s te d  t r i a l  
w a v e fu n c t io n .  F u r t h e r ,  t h e  dimens ion of  t h i s  w avefunc t ion  i s  s i x  
whereas  an o r d i n a r y  hydrogenic  w avefunc t ion  has t h r e e .  In th e  
independen t  e l e c t r o n  model in  t h r e e  d im ens iona l  c o o r d i n a t e s ,  a s e t  o f  
quantum numbers (n ,  a,  m) i s  in t ro d u c e d  t o  i d e n t i f y  t h e  e l e c t r o n .  
S i m i l a r l y ,  i n  t h e  a n a l y s i s  o f  t h e  two e l e c t r o n  problem in  h y p e r s p h e r i c a l  
c o o r d i n a t e s ,  a c l a s s i f i c a t i o n  scheme f o r  t w o - e l e c t r o n  atoms has been
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deve loped .  I t  r e q u i r e s  e x t r a  quantum numbers, namely t h e  i n t e r n a l
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c o r r e l a t i o n  quantum numbers, K, T and A to  s p e c i f y  t h e  i n t e r n a l  
p r o p e r t i e s  o f  t h e  two e l e c t r o n  p a i r .  These w i l l  be d e s c r i b e d  below.
In t h e  l a s t  c h a p t e r ,  t h e  b a s i c  wave fu n c t i o n  f o r  t h e  most t i g h t l y  
bound r i d g e  s t a t e s  was deve loped .  Our nex t  goal i s  t o  e x tend  t h i s  so as 
to  p ro v id e  b a s i s  s t a t e s  f o r  r i d g e  s t a t e s  w i th  d i f f e r e n t  sym m etr ies .  The 
development o f  an a p p r o p r i a t e  b a s i s  w ith  symmetries ^Se and *P° w i l l  be 
d i s c u s s e d  in t h e  n ex t  two s e c t i o n s .  Before  s t a r t i n g  t h e  n e x t  s e c t i o n ,  
i t  i s  wor thw hi le  t o  quo te  some o f  L i n ' s  work o f  l a b e l i n g  t w o - e l e c t r o n  
s t a t e s  as  a gu ide  in  deve lop ing  our  b a s i s  s e t .  By an a d i a b a t i c  
t r e a t m e n t  of  t h e  two e l e c t r o n  Hamilton ian  in t h e  h y p e r s p h e r i c a l  
fo rm al ism ,  t h e  w ave func t ions  a r e  exp res sed  as  (R)4.tj(R;u>). The 
channe l  f u n c t i o n  <t>^(R;w) c o n t a i n s  a l l  t h e  in fo rm a t io n  about  e l e c t r o n  
c o r r e l a t i o n s  f o r  s t a t e s  w i th i n  t h a t  channe l .  F u r t h e r ,  Lin a s s i g n s  a new 
n o t a t i o n  and quantum numbers t o  d e s c r i b i n g  th e  channel  and t h e  s t a t e s  
w i t h i n  i t :
m = I (K ,T )J  2S+1L1[ > (3 .1 a )
and
| ^ ( n . N )  > = | n (K ,T)J  2S+1Lir > . (3 .1 b )
A g ive n  doubly e x c i t e d  s t a t e  i s  r e p r e s e n t e d  by th e  s e t  o f  quantum 
numbers (n,N , ( K , T ) \  L, S , n ) ,  where n i s  t h e  p r i n c i p a l  quantum number
of  t h e  o t h e r  e l e c t r o n ,  N i s  th e  i o n i z a t i o n  l i m i t  o f  t h a t  c h a n n e l ,  and
A(K,T) i s  t h e  new s e t  o f  c o r r e l a t i o n  quantum numbers and i s  
c h a r a c t e r i s t i c  o f  a p a r t i c u l a r  c h a n n e l .  The quantum number A i s  deno ted
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by +1,  - 1 ,  o r  0.  A s t a t e  w ith  A=+l has an an t in o d e  and a s t a t e  w i th  A=-
1 has a node a t  a=ir/4. S t a t e s  t h a t  do not  have a c l e a r  node o r  a n t i  node
a t  a=u/4  a r e  a s s ig n e d  a va lue  of  A=0 and they  a r e  s i m i l a r  t o  s i n g l y
e x c i t e d  s t a t e s .  Whereas A d e s c r i b e s  th e  r a d i a l  c o r r e l a t i o n ,  quantum
numbers K and T a r e  used t o  d e s c r i b e  th e  an g u la r  c o r r e l a t i o n  between two
e x c i t e d  e l e c t r o n s .  For a g iven  L and N, t h e  range o f  K and T a r e  as
f o l l o w s :
T = 0,  1, . . . ,  min (L, N-l)
± K = N -T- l ,  N-T-3,  . . .  1 (o r  0 ) ,  ( 3 .2 )
w h i le  f o r  s t a t e s  where t t =(1) L+*, T=0 i s  not  a l lowed .
S e c t i o n  B. B as i s  f o r  ^Se
A t r i a l  w avefunc t ion  t h a t  c o r re sponds  t o  a s t a t e  w i th  n=N, 
acc o rd in g  t o  an i n a p p r o p r i a t e  independen t  l a b e l i n g ,  or  
N(K=N-1, T=0)+ N, in  L i n ' s  l a b e l i n g  with  symmetry ^Se has been s u g g e s te d  
in t h e  p r e v io u s  c h a p t e r s .  The energy  was worked o u t  v a r i a t i o n a l l y  and 
compared w i th  o t h e r  work. T h i s  s imple w avefunc t ion  i n c o r p o r a t e s  t h e  
e s s e n t i a l  p r o p e r t i e s  o f  c o r r e l a t e d  e l e c t r o n  motion and ou r  good 
agreement w i th  o t h e r  r e s u l t s  prompts us  t o  f u r t h e r  e x t e n s i o n .  We w i l l  
c o n s i d e r  w avefunc t ions  f o r  energy  s t a t e s  w i th  quantum number n equal  t o  
N o r  N+l.
Atomic s t a t e s  w i th  p r i n c i p a l  numbers N and N co r respond  t o  t h e  
lowes t  energy  l e v e l s  o f  d i f f e r e n t  c h a n n e l s .  As a l l  of  them have th e  
same r a d i a l  c h a r a c t e r ,  t h e  r a d i a l  c o r r e l a t i o n  of  t h e i r  w av e fu n c t io n s  i s  
i d e n t i c a l .  In o t h e r  words,  t h e  dependence o f  e c o o r d i n a t e s  in  t h e
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s t r u c t u r e  of  a l l  o f  t h e i r  w avefunc t ions  i s  t h e  same. On t h e  o t h e r  hand,
2
s t a t e s  o f  d i f f e r e n t  K and T have d i f f e r e n t  a n g u l a r  «, mixing o r  
d i f f e r e n t  a n g u l a r  c o r r e l a t i o n s .  Energy s t a t e s  w i th  symmetry ^Se a r e  
members of  c h a n n e l s  w ith  "+" c h a r a c t e r .  The quantum number A = +1 i s  
a s s ig n e d  t o  them and th e y  should  have a broad an t in o d e  around a = 
T h e r e f o re ,  t h e  w ave func t ions  a r e  even w i th  r e s p e c t  t o  t h e  c o o r d i n a t e  y .
Based on t h e  above,  and t h e  requ i rem en t  t h a t  each p h y s i c a l  s t a t e  
shou ld  be or thonorm al t o  each  o t h e r  w ith  r e s p e c t  t o  a n g u l a r  c o o r d i n a t e s  
w i t h i n  t h e  same m anifo ld  N, a b a s i s  w ith  members having n e g l i g i b l e
o v e r l a p  i n t e g r a l  among them needs t o  be c o n s t r u c t e d .  See ing  t h a t  t h e
l- i- 2range  of  R4y ru n s  from t o  +*>, t h e  e x p o n e n t i a l  f a c t o r  exp( -BR2y )
accompanied by even Hermite po lynom ia ls  l ^ t  (2BR2) 2y] i s  chosen  f o r
s t a t e s  w i th  d i f f e r e n t  v a lu e s  of  K. The form o f  t h e  w avefunc t ion  i n  t h e
a n g u l a r  p a r t  i s  th u s  t h e  energy  e i g e n f u n c t i o n  of  a one d im ens iona l
2 2s im ple  harmonic o s c i l l a t o r  moving in  t h e  p o t e n t i a l  2B Ry . The comple te  
s t r u c t u r e  o f  t h e  w av e fu n c t io n  with  t h e  c o r re s p o n d in g  l a b e l i n g  N(K=N-1- 
2m, T=0)+N i s  t h e r e f o r e :
4»N = r ^ / 2 +2(N-1) e R/Ro ( 1_262)N exp[-R^(C+A62+By2 )] H2m [(2BR%) S )  .
( 3 .3 )
Each o f  t h e s e  w avefunc t ions  i s  s u b s t i t u t e d  i n t o  Eq. ( 2 . 5 ) .  The 
ene rgy  e x p r e s s i o n  i s  ag a in  o b ta in e d  w i th  a dependence on a v a r i a t i o n a l  
p a ra m e te r  RQ a l o n e .  Numerical c a l c u l a t i o n s  show t h a t  A, B and C do no t  
change much from one s t a t e  t o  th e  next  (with  d i f f e r e n t  m). T h e r e f o r e ,  
t h e  c o n t r i b u t i o n  o f  t h e  o v e r l a p  i n t e g r a l  between them remains  c o n s t a n t  
and,  hence ,  they  a r e  s u i t a b l e  e lements  f o r  an o r thogona l  s e t  o f  b a s i s .
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Our nex t  s t e p  i s  t o  d i a g o n a l i z e  them w i t h i n  t h e  same m an i fo ld  N t o  g e t  
an improvement o f  energy  v a l u e s .  The r e s u l t s  a r e  as b e f o r e ,  t h e
and D(m) a numerica l  c o n s t a n t ,  depending on m.
Energy s t a t e s  w i th  p r i n c i p a l  quantum numbers N and N+l c o r re spond  
to  t h e  second lowes t  energy  l e v e l s  f o r  d i f f e r e n t  c h a n n e l s  as  remarked by 
Lin .  All of  them would then  have a node in  t h e  r a d i a l  dependence o f  t h e  
w a v e fu n c t io n s .  S t a t e s  w i th  e e x c i t a t i o n  a r e  g e n e ra te d  by in t r o d u c i n g  
f a c t o r s  w i th  s u c c e s s i v e l y  more nodes in  6 . Thus,  t h e  s u g g es ted  
w ave fu n c t io n  f o r  *Se s t a t e  w i th  l a b e l i n g  N(K=N-l-2m,T=0)+ N+l i s
1 A
a n a l y t i c a l  energy  e x p r e s s io n  f o r  a S s t a t e  w i th  l a b e l i n g  N(K=N-1- 
2m, T=0)+N be ing
E ( a . u . )  -  ~%{p 2
o
C/2 E1(8N+1) + (2m+l)E1( 8N)
(8N+2)Rq 3 /2  E'(8N+2) (8N+2)(8N+1)E1(8N+2)R2
- l(2N-J)C
(8N+2)(8N)(8N)E'(8N+2)R3 /2
+ [D(m) -  N -  4 ( l + 2 m ) ( l - ^ ) ]
R2 (8N+2)(8N+1)(8N)(8N-1)E1(8N+2)
4 E1(8N-2)
w i th
B1 = (32 /2  + C2 )^  . ( 3 .4 )
4>N=R5/ 2+2<N- 1) e - R/Ro( 1- 2 32 ) Nexp [ - Rj5( c+A32+BY2 )]H2m[(2BR^ ) S ] H2 [ ( 2AR!5) ^ ]
( 3 .5 )
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Again,  ( 3 .5 )  can be s u b s t i t u t e d  i n t o  Eq. (2 .12 )  and t h e  energy  e x p r e s s i o n  i s
For doubly  e x c i t e d  s t a t e s  w i th  nonzero  L, t h e  problem i s  
co m p l ic a te d  by th e  p r e s e n c e  of  s o - c a l l e d  "+" and" -"  e x c i t a t i o n s .  The 
d i f f e r e n c e  between them i s  mainly  in  t h e  r a d i a l  c o r r e l a t i o n .  F u r t h e r ,  
i t  i s  a l s o  com p l ica ted  by th e  a n g u l a r  c o r r e l a t i o n  which mix d i f f e r e n t  
a n g u l a r  momentum v a l u e s  ( a ^ )  and P au l i  c o r r e l a t i o n s  which mix 
r a d i a l  and a n g u l a r  c o r r e l a t i o n s  to  d i s t i n g u i s h  s i n g l e t  from t r i p l e t  
s t a t e s .  Here we j u s t  c o n s i d e r  t h e  most im por tan t  one w i th  symmetry of  
non -ze ro  L namely P° .  P r e v i o u s l y ,  we have d i s c u s s e d  t h e  p r o p e r t i e s  o f  
t h e  w avefunc t ion  w i th  t h i s  symmetry near  th e  Wannier  p o i n t .  
Wavefunctions  t h a t  have "+" c h a r a c t e r  should  have a node a t  t h e  s a d d le
EN( a . u . )  = - k {^ 2 + 
R
C/2 E1(8N+1) + (2m+3)E‘ (8N)
(8N+2)Rq3 /2  E ' (8N+2) (8N+2)(8N+1)E'(8N+2)R2
-  [ (2N - | )C
(8N+2)(8N+1)(8N)R3/ 2E ' (8N+2)
+ [D(m)-N -  2 0 ( l+ 2 m ) ( l - { U ) ] 4 E1(8N-2) } .
R2 (8N+2)(8N+1)(8 N)(8N-1)E'(8N+2)
w i th
B1 = (32 /2  + C2 )^ ( 3 . 6 )
and D(m) a numerica l  c o n s t a n t ,  depending  on m.
S e c t i o n  C. B as i s  f o r  *P°
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p o i n t  in  t h e  a n g u l a r  c o o r d i n a t e  y. On th e  o t h e r  hand, w av e fu n c t io n s  f o r  
t h e  s t a t e  have a node a t  t h e  Wannier p o i n t  in  t h e  e c o o r d i n a t e .
Thus,  t h e  sugges ted  w avefunc t ions  f o r  ^P0 "+" r i d g e  s t a t e s  w i th  quantum 
numbers N(K=N-l-2m, T = l)+N and N(K=N-l-2m T = l )+N+1 a re
V N  = R5/2+2(N_1) e " R/Ro ( 1- 232 ) N exp [ ^ ( C + A e ^ B y 2) ]H2m+1[ (2BR!s) S ]
(3 .7 )
and
^n=N+l "  H2 n=N ( 3 . 8 )
r e s p e c t i v e l y .  F i n a l l y ,  t h e  a n a l y t i c a l  energy  e x p r e s s i o n s  f o r  them a r e
E ( a  u ) = -%{±- +  + _______(8NJ _______________
n " R* (8N+2)R'f/  E‘ (8N+2) (8N+2)(8N+1JE1 (8N+2)R^
[ (2N+i)C + Bl] -575----- 2 /2  E‘ (8N- 1)
O H qO/ C / nu,  o\ / OKIj.1 \ /QM
+ [D(m) -N -  4 ( l + 2 m ) ( l - 5 i )
Rq (8N+2)(8N+1)(8 N)E1(8N+2) 
B l v  __________ 4 E1 (8N-2)
R^(8N+2)(8N+1)(8N)(8N - l ) e ‘ (8N+2)
with
16(Ni^ - 5 ) .
c = _ [-------  4-----------8 ze f f ]% #
Bl = (32/2  + C2 )H , ( 3 .9 )
D(m) a numerica l  c o n s t a n t ,  depending  on m,
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and
E fa  u > -  (A -  + U Z _E' ( 8N+1 _^____ +  2(mf2) E'(8M)n-N+1 V “ • • / ’S i  O + -3/0 + 0
n_N 1 (8N+2)E1(8N+2)R^ R^(8N+2)-(8N+l)E1(8N+2)
_ [ ( 2 mJ L ) c + ^  B1]  2/ 1  E - (3N-1)--------------
0 4 Rq (8N=2)(8N+1)(8N)E' (8N+2)
Blxi   4 E1 (8N-2)_________________,+ [D(m)-N -  2 0 ( l + 2 m ) ( l - ^ ) ]
R^(8N+2)(8N+1)(8N)(8N-1)E‘ (8N+2)
with
C » -  [------------  8 ze f f l  '
Bl = (32/2  + C2 )*5 . (3 .10 )
For a *P° r i d g e  with  quantum numbers N(K=N-l-2m, T=0)_N+1, t h e  
sugges ted  w avefunc t ion  and an a n a l y t i c a l  energy  e x p r e s s io n  a r e
4)=R5/2+2(N- 1) e - R/ Ro(i_2g2)Nexp[_R%(c+Ae2+BY2)]H2m[(2BR^)lsY]H1[(2AR!5) S ]
(3 .11 )
and
E f a . u . )  = -% {A- + / 2  C E '<8 N t l >____+ _______2Qn+l)E'(8N)______
Ro R„/ 2 (8N+2)E'(8N+2) r| ( 8N+2) (8N+1) E■(8N+2)
-  [ ( »  3 ) c  + (1+2m)| l |  2 / 2  E1 (8N-1)-----------------
Rn E' (8N+2)(8N+2)(8N+1)(8N)
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+ [D (m ) -N -2 4 ( l+ 2 m ) ( l -P )  J --------------U Lllg N -2 ) ----------------------}
u Rq (8N+2)(8N+1)(8N)(8N-1)E'(8N+2)
with
Bl = (32 /2  + C2 )H . ( 3 .12 )
Tab les  3 . 1 - 3 . 4  show numerica l  r e s u l t s  of  r i d g e  e x c i t e d  r e s o n a n c e s  o f  H“ 
and He w i th  symmetries *Se , *P°, u s in g  e x p r e s s i o n s  in  ( 3 . 4 ) ,  ( 3 . 6 ) ,  
( 3 . 9 ) ,  (3 .1 0 )  and (3 .12 )  r e s p e c t i v e l y .
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TABLE 3 .1
- E n e r g y ( a . u . )
N(K,T)An S i n g l e  Conf ig . t h i s  s tudy Matsuzawa1
6 ( 5 , 0 ) +6 (6s 6s) 0.01543 0.01821
6 ( 3 , 0 ) +6 (6p 6p) 0.01448 0.01661
7 ( 6 , 0 ) +7 (7s 7s) 0.01146 0.01352
7 ( 6 , 0 ) +8 (7s  8s ) 0.01065 0.01195
7 ( 4 , 0 ) +7 (7p 7p) 0.01092 0.01251
7 ( 4 , 0 ) +8 (7p 8p) 0.00989 0 .01112
8 ( 7 , 0 ) +8 (8 s 8s ) 0.00883 0.01042
8 ( 7 , 0 ) +9 (8 s 9 s ) 0.00841 0.00935
8 ( 5 , 0 ) +8 (8p 8p) 0.00849 0.00975
8 ( ( 5 , 0 ) +9 (8p 9p) 0.00789 0.00877
8 ( 3 , 0 ) +8 (8d 8d) 0.00810 0.00891
9 ( 8 , 0 ) +9 (9s  9s) 0.00702 0.00827
9 ( 8 , 0 ) +10 (9s 10s) 0.00690 0 .00748
9 ( 6 , 0 ) +9 (9p 9p) 0.00681 0 .00780
9 ( 6 , 0 ) +10 (9p 10p) 0.00633 0 .00706
9 ( 4 , 0 ) +9 (9d 9d) 0.00653
1 PS r i d g e  doubly e x c i t e d  s t a t e s  of  H“ . 
aFrom Ref.  25
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TABLE 3 .2
N(K,T)An S i n g l e  Conf ig . - E n e r g y ( a . u . ) Hoa Matsuzawa^
5 ( 4 , 0 ) +5 (5s 5s) 0 .1226 0 .1294 0.1303
5 ( 4 , 0 ) +6 (5s 6 s) 0 .1060 0 .1096 0.1105
5 ( 2 , 0 ) +5 (5p 5p) 0.1131 0 .1233 0.1211
6 ( 5 , 0 ) +6 ( 6s 6s) 0 .0863 0 .0903 0.0908
6 ( 5 , 0 ) +7 ( 6s 7s) 0 .0788 0 .0781 0.0786
6 ( 3 , 0 ) +6 ( 6p 6p) 0.0812 0.0858 0.0869
7 ( 6 , 0 ) +7 (7s 7s) 0 .0638 0.0675
7 ( 6 , 0 ) +8 (7s 8 s) 0.0602 0.0599
7 ( 4 , 0 ) +7 (7p 7p) 0.0609 0.0641
7 ( 4 , 0 ) +8 (7p 8p) 0 .0552
7 ( 2 , 0 ) +7 (7d 7d) 0 .0579 0.0613
8 ( 7 , 0 ) +8 (8s 8 s) 0 .0490
8 ( 7 , 0 ) +9 ( 8s 9s) 0 .0460
8 ( 5 , 0 ) +8 ( 8p 8 p) 0 .0472
8 ( 5 , 0 ) +9 ( 8p 9p) 0 .0436
8 ( 3 , 0 ) +8 (8d 8d) 0 .0454
1 PThe S r i d g e  doubly  e x c i t e d  s t a t e s  of  He. 
a From Ref.  23 
bFrom Ref.  25
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N (k,T )+n
TABLE 3 .3  
H“
- E n e r g y ( a . u . )
He
- E n e r g y ( a . u . )
6 ( 4 , l ) +6 0.01597 0.0892
6 ( 4 , l ) +7 0.01388 0.0787
6 ( 2 , l ) +6 0.01412 0.0798
7 ( 5 , l ) +7 0.01189 0.0661
7 ( 5 , 1 )  "*"8 0.01045 0.0589
7 ( 3 , 1 ) +7 0.01068 0 .0594
8 ( 6 , l ) +8 0.00917 0 .0508
8 ( 6 , l ) +9 0.00806 0.0459
CO
+1—H **
CO 0.00838 0 .0464
The ^P0 "+" r i d g e  doubly e x c i t e d  s t a t e s  of  H“ and He.
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N(K,T)“n
TABLE 3 .4  
H-
- E n e r g y ( a . u . )
He
- E n e r g y ( a . u . )
7 ( 6 , 0 ) “8 0.01040 0.0539
8 ( 7 , 0 ) “9 0.00812 0.0422
9 ( 8 , 0 ) " 1 0 0.00675 0.0325
1 0(9 ,0 )"11 0.00554 0.0287
The *P° r i d g e  doubly e x c i t e d  s t a t e s  of  H" and He.
CHAPTER IV 
CONCLUSIONS
S e c t i o n  A. Summary
New p a i r  b a s i s  f u n c t i o n s  f o r  doubly e x c i t e d  r i d g e  s t a t e s  have been 
s u g g e s te d  and developed in t h i s  p a r t  o f  th e  t h e s i s .  The l a b e l i n g  scheme 
f o r  t h e s e  p a i r  s t a t e s  can be d e s c r ib e d  by th e  number o f  nodes in  t h e  
p a i r  c o o r d i n a t e s  e and y o f  p a i r  w avefunc t ions  in  h y p e r s p h e r i c a l  
c o o r d i n a t e s .  Chapter  I I  mainly  c o n c e n t r a t e d  on th e  c a l c u l a t i o n  of  
ene rgy  s t a t e s  (^Se ) which a r e  d i s t i n g u i s h e d  by being  n o d e l e s s  
in  6 and y around th e  Wannier sadd le  p o i n t ,  y =b =0 . They should  
co r re spond  t o  t h e  lowes t  energy  s t a t e s  f o r  each p r i n c i p a l  quantum 
number \> (v be ing  t h e  p r i n c i p a l  quantum number a s s o c i a t e d  w i th  t h e  
h y p e r s p h e r i c a l  r a d i a l  p a r t  in  R of  t h e  p a i r  w a v e fu n c t io n ) .  In t h e  
a l t e r n a t i v e  l a b e l i n g  schemes t h a t  come from th e  a d i a b a t i c  h y p e r s p h e r i c a l  
method and an independen t  p a r t i c l e  d e s c r i p t i o n ,  t h e s e  a r e  t h e  s t a t e s
O
d e s i g n a t e d  a s  N(K=N-1,T=0)N and Ns ( t h i s  r e p r e s e n t s  on ly  t h e  dominant
c o n f i g u r a t i o n  s in c e  t h e r e  i s  a l s o  a s u b s t a n t i a l  adm ix ture  of  
2
o t h e r  Ns, c o n f i g u r a t i o n s ) .  Working with  a s e t  o f  such f u n c t i o n s  which 
b u i l d  in  t h e  c o r r e l a t i o n  s t r u c t u r e  upon hand l ing  t h e  dependences 
on 8 and y as  p e r  Wannier t h e o r y ,  I have shown how t h e s e  sequences  can 
be c a l c u l a t e d  r a p i d l y  and with  small  numerical  e f f o r t .  Numerical 
r e s u l t s  show t h a t  t h e  s t a t e s  a r e  o rg an iz ed  i n t o  a f a m i ly  o f  Rydberg 
l e v e l s  ( i n  s i x  d imens ions)  converg ing  on th e  one s i n g l e  g r a n d p a r e n t a l  
i o n i z a t i o n  l i m i t .  S i m i l a r  sequences  o f  o t h e r  {L,S,tt} a r e  ana lyzed  a l s o  
w i th  p ro p e r  m o d i f i c a t i o n s  in  th e  8 and y dependences  o f  w ave func t ions  
and H a m i l to n ian s .  The r e s u l t s ,  once a g a i n ,  conform well  w i th  t h e  s i x ­
d im ens iona l  Rydberg fo rm ula .
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For s i m p l i c i t y  and com puta t iona l  conven ience ,  I j u s t  change on ly  
t h e  power of  t h e  r a d i a l  p a r t  o f  th e  p a i r  w avefunc t ion  in  Eq. ( 2 .9 )  
as  r5 /2+2 ( v- 1) .  ,js a n a -|0g0US t o  c a l c u l a t i n g  th e  o r d i n a r y  Bohr 
hydrogen ic  spec trum with  on ly  n o d e le ss  r a d i a l  f u n c t i o n s ,  i . e .  t a k i n g  th e
o
sequence l s , 2 p , 3 d , . . .  e t c .  The p resence  o f  (1-2$ ) v i n  Eq. ( 2 .9 )  comes 
from ('r i'f'2^V’ w^ ic h  c o n t a i n s  t h e  ( s i n  a cos a ) v f a c t o r .  Owing t o  t h e  
degeneracy  o f  t h e  Coulomb spec t rum ,  t h i s  i s  s u f f i c i e n t  t o  g e t  t h e  r i g h t  
p a t t e r n  of  e i g e n v a l u e s .  However, an a l t e r n a t i v e  which i s  more s u i t a b l e  
t o  o b t a i n  t h e  e i g e n f u n c t i o n  i s  t o  keep t h e  a n g u l a r  p a r t  t h e  same and 
t a k e  a sequence analogous  t o  a l l  s - s t a t e s ,  I s , 2 s , 3 s , . . .  e t c .  Th is  w i l l
1 p
r e q u i r e  f o r  w avefunc t ions  o f  S s t a t e s ,
-R/R
<t.v=R5 / 2 ( l + a 1R+a2R2+ . . . + a v_1Rv - 1 )e °exp-[  R^(C+A62+BY2 ) ] ( l - 2 $ 2 ) ,
(4 .1 )
i . e .  t h e  i n c l u s i o n  o f  t h e  hypergeom etr ic  f u n c t i o n  (polynomial  
w i th  v - 1  nodes in  R) in  t h e  s i x  d im ens ional  hydrogenic  r a d i a l  
f u n c t i o n s .  Whereas th e  w avefunc t ions  in (2 .9 )  a r e  not  m u tu a l ly  
o r t h o g o n a l ,  t h e  c o e f f i c i e n t s  a.j of  t h e  polynomial  in  ( 4 .1 )  now a r e  
de te rmined  n u m e r i c a l l y  such t h a t  each w avefunc t ion  should  be o r th o g o n a l  
t o  a l l  o f  t h e  o t h e r s .  This  i s  p a r t  o f  our  f u t u r e  program and i s  more 
com pl ica ted  th a n  th e  c a l c u l a t i o n s  in  Chapter  I I .  Wavefunct ions  f o r  
o t h e r  {L,S,ir} a r e  changed s i m i l a r l y  as in  ( 4 . 1 ) ,  t h a t  i s ,  a g a i n ,  w i th  
s u c c e s s iv e  po lynom ia ls  in  R.
In Chapte r  I I I ,  I ex tended  th e  c a l c u l a t i o n s  o f  ^Se s t a t e s  in  
S e c t i o n  B of  Chapter  I I  t o  o t h e r  energy s t a t e s  which a r e  not  t h e  low es t  
w i t h i n  each v .  By t a k in g  a f u n c t i o n  in  y w ith  one node ,  we g e t  s t a t e s
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O
which would be d e s c r ib e d  a s  N(K=N-3, T=0)N o r  Np in  t h e  a l t e r n a t i v e
l a b e l i n g  schemes.  An a d d i t i o n a l  f a c t o r  in v o lv in g  th e  Hermite
polynomial  ^ ( R 4?) i s  a t t a c h e d  t o  <j>^ in  ( 2 . 9 ) .  I t  g iv e s  t h e  n e x t  s t a t e
o f  t h e  same symmetry under  y-*~y to  th e  ground s t a t e s  chosen  in  ( 2 .9 )  f o r
a harmonic o s c i l l a t o r - l i k e  p o t e n t i a l  in  y.  Other s t a t e s  w i th  f u r t h e r
a n g u l a r  e x c i t a t i o n s ,  K=N-5,N-7. . .  e t c . ,  would s i m i l a r l y  be g e n e r a t e d  by
us in g  th e  s u c c e s s iv e  even Hermite po lynom ia l s .  Once a g a i n ,  a whole
sequence w i th  v=N converg ing  on th e  g r a n d p a r e n t a l  i o n i z a t i o n  l i m i t  can
be produced  f o r  each c a s e .  S t a t e s  w i th  3 e x c i t a t i o n ,  on t h e  o t h e r  hand,
t h a t  i s  s t a t e s  d e s c r ib e d  as  N(K=N-1, T=0)N+1 a r e  g e n e r a t e d  by
in t r o d u c i n g  f a c t o r s  w ith  s u c c e s s i v e l y  more nodes in  3 i n t o  ( 2 . 9 ) .
T h e r e f o r e ,  as  in  t h e  f i r s t  p a r a g r a p h ,  doubly e x c i t e d  r i d g e  s t a t e s  a r e
d i s t i n g u i s h e d  by th e  number o f  nodes in  t h e  3 and y p a r t  o f  t h e i r  p a i r
w a v e fu n c t io n s .  P a i r  w avefunc t ions  o f  o t h e r  symmetries {L, S , tt} can a l s o
be t r a c e d  o u t  a n a lo g o u s ly  in  t h e  p a i r  b a s i s  approach .  F u r th e rm o re ,
c o n f i g u r a t i o n  mixing o f  p a i r  b a s i s  f u n c t i o n s ,  c a l c u l a t i o n  o f  m a t r ix
e le m e n t s  o f  -7 -  and of  t h e  d i p o l e  o p e r a t o r  r . + r 9 between t h e  p a i r  
12 1 * 
w a v efu n c t io n s  a r e  d i s c u s s e d  q u a l i t a t i v e l y  in S e c t io n  B o f  C hap te r  IV.
On t h e  whole,  my work r e p r e s e n t s  t h e  f i r s t  a t t e m p t  a t  p r o v id i n g  a 
new b a s i s  f o r  c a l c u l a t i n g  p a i r  r i d g e  s t a t e s .  Much f u r t h e r  amendment and 
e x t e n s i o n  r em a ins .  L a t e r  work w i l l  i n c lu d e  th e  c a l c u l a t i o n  of  a more 
a p p r o p r i a t e  and r e l i a b l e  w avefunc t ion  in  ( 4 . 1 ) .  Once a comple te  and 
c o n s i s t e n t  p a i r  b a s i s  i s  a v a i l a b l e ,  we can con tem p la te  a program o f  
a c c u r a t e  e v a l u a t i o n  of  doubly e x c i t e d  r i d g e  s t a t e s  o f  complex atoms by
OQ
employing t h e  p a i r  b a s i s  i n  an R-matr ix  method.
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S e c t i o n  B. A p p l i c a t i o n s
( i )  I n t e r a c t i o n  of  m a n i fo ld s
when c o n s i d e r i n g  t h e  h ig h e r  energy  l e v e l s ,  we can no lo n g e r  n e g l e c t  
t h e  c o n f i g u r a t i o n  i n t e r a c t i o n  between d i f f e r e n t  m a n i fo ld s  N as th e y  g e t  
c l o s e r  now. The o r d e r  o f  magni tude of  t h e  s h i f t  f o r  some ene rgy  l e v e l s  
( l p ° )  owing to  t h i s  i n t e r a c t i o n  was g ive n  by 0 .  Robaux r e c e n t l y . For 
ou r  proposed  sequence of  w a v e fu n c t io n s ,  we can compute s i m i l a r l y  t h e  
f o l l o w i n g  q u a n t i t y  between any two p a i r  w av e fu n c t io n s :
2
Expanding ( - — ) around t h e  sa d d le  p o i n t ,  i t  becomes 
-  2 -  Z2
^ ( / 2  + ) and s u b s t i t u t i n g  i t  i n t o  ( 4 . 2 ) ,  t h e  s h i f t  o f  energy
N N1l e v e l  w i th  a w avefunc t ion  4>_. owing t o  t h e  energy  l e v e l  <|>j can be
e v a l u a t e d .  One q u a l i t a t i v e  c o n c lu s io n  fo l l o w s  by i n s p e c t i n g  t h e
s t r u c t u r e  of  a w avefunc t ion  in  ( 4 . 1 ) .  D e f in ing  v=N-K-l as  t h e  quantum
number o f  t h e  doubly  d e g e n e r a t e  bending v i b r a t i o n a l  modes,  we can n o t i c e
t h a t  t h e  i n t e r a c t i o n  i s  m a i n l y  r e s t r i c t e d  t o  av=0 and t h e  N(K,T)N l e v e l
has  a maximum i n t e r a c t i o n  w i th  N'(K,T)N' l e v e l  w i th  N=N'±1. So,  i n  ou r
f u r t h e r  and f u t u r e  work,  t h i s  w i l l  be t h e  dominant  c o n f i g u r a t i o n  m i x i n g
t o  c o n s i d e r .
( i i )  C o l l i s i o n a l  P r o p e r t i e s
Matsuzawa and h i s  group have r e p o r t e d  t h e  g e n e r a l i z e d  o s c i l l a t o r  
s t r e n g t h  and t h e  Born c r o s s - s e c t i o n s  between r i d g e  doubly  e x c i t e d  
s t a t e s .  They have e s t a b l i s h e d  a s im ple  s e l e c t i o n  r u l e  f o r  t h e
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e x c i t a t i o n  o f  t h e s e  s t a t e s  by e l e c t r o n  impact .  They p r e d i c t  t h a t  t h e  
e x c i t a t i o n  w i th  av= 0 ,  aN=1 and aA=0 t a k e  p la c e  f a v o r a b l y  w i t h i n  t h e
1 p
m an ifo ld  S . From our  a n a l y s i s ,  we can show s i m i l a r  r e s u l t s  and ex tend  
p r e d i c t i o n s  f o r  o t h e r  symmetries  ( e . g .  ^Se -  *P° e x c i t a t i o n ) .
The s t r e n g t h  of  e l e c t r o n  impact e x c i t a t i o n  between two s t a t e s  
depends  on t h e  magni tude o f  channel  coupl ing  between t h e i r  c h a n n e l s  ( o r  
a n g u l a r  p a r t s  o f  t h e i r  w a v e f u n c t i o n s ) :
.  <«■*>
where
t , J l 1Se ;N ( K = N - l - 2 m ,T = 0 ) +N ] = ( l - 2 6 2 )Ho [(2AR!s) S ] e  ( 2 B R ^ ) S l e -61^ ^ 2
( 4 . 4 )
j, 2 }- 2
t)N[1p°n+,, . N(K=N_l_2m,T=0)+N+lJ = ( l -232)Ho [(2AR!5)^6]e“ARa6 H2m+1[ (2BRJs)*sY]e-BR2y
( 4 . 5 )
j, j  2
^ [ l p O ,1- l, ; N(K=N-1- 2m, T=0 ) ' N + 1 ] = ( 1- 2 B 2 ) H l [ ( 2 AR!s) i53 ] e " A R 2e H j  (2BR!s) S ] e “ BR ^
( 4 . 6 )
W ith in  t h e  same m an i fo ld  ( i . e .  ^Se -^Se e x c i t a t i o n ,  ^P° + -^P°  +
1 o M- n 1 n n 11e x c i t a t i o n  o r  P -  Pu _ e x c i t a t i o n ) ,  aA=0 and av=0 t a k e  p la c e  
f a v o r a b l y  because  of  t h e  g r e a t e s t  o v e r l a p  between such s t a t e s .  For a
1 p 1 n '^ 11AS -  P e x c i t a t i o n ,  t h e  v a lu e  in  ( 4 .3 )  i s  much reduced  owing to  
d i f f e r e n t  symmetries  i n  t h e  y p a r t  o f  t h e i r  w ave func t ions .
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( i i i )  Double P h o t o i o n i z a t i o n
F a c t :  Experimenta l  ev idences  f o r  doubly p h o to e x c i t e d  s t a t e s  a r e  s t i l l
s p a r s e .  This  i s  u n d e r s t a n d a b le  because  th o s e  s t a t e s  have smal l  o v e r l a p  
w i th  t h e  ground s t a t e  or  lower e x c i t e d  s t a t e s .  T h e r e f o re ,  t h e  v a lu e  o f  
t h e  d ip o l e  m a t r ix  element t h a t  connec ts  them i s  s m a l l .  A v a i l a b l e  
exp e r im en ta l  r e s u l t s  show t h a t  the  o p t i c a l  o s c i l l a t o r  s t r e n g t h  o f  t h e s e  
s t a t e s  a r e  around two o r d e r  s o f  magnitude l e s s  than  f o r  s i n g l e  
p h o to e x c i t e d  s t a t e s .  F u r t h e r ,  exper im en ts  show t h a t  on ly  one 
p redominant  channel  i s  observed  f o r  each N t h r e s h o l d .  For example,  
Woodruff and Samson observed  t h a t  on ly  one channel  w i th  l a b e l i n g  
(K=1,T-1)+ i s  p h o to e x c i t e d  n e a r  N=3 from th e  ground s t a t e . ^  R e c a l l i n g  
t h a t  t h e r e  a r e  2N-1 channe ls  w i th  symmetry *P° f o r  each  t h r e s h o l d  N, t h e  
r e s u l t s  can be summarized by say ing  t h a t  on ly  t h e  channe l  w ith  l a b e l i n g  
(K=N-2,T=1)+ i s  observed and a l l  o t h e r  c hanne ls  a r e  weakly e x c i t e d .
S ince  th e  ground s t a t e  be longs  t o  t h e  (K=0,T=0)+ ^Se c h a n n e l ,  we have an
approx im ate  s e l e c t i o n  r u l e  f o r  double  p h o to a b s o r p t io n :
aA=0 and aT=1 ( o r  av= 1 ) .
E x p la n a t io n :  The a n g u la r  p a r t s  of  our sugges ted  w av e fu n c t io n s  a re
s imple  harmonic o s c i l l a t o r  w avefunc t ions  w i th  r e s p e c t  t o
1 Parguments y and e.  For w avefunc t ions  w ith  symmetry S , owing t o  th e
r e s t r i c t i o n  t h a t  they  a r e  even w i th  e and y c o o r d i n a t e s ,  even Hermite
f u n c t i o n s  a r e  a s s ig n e d  t o  them. On th e  o t h e r  hand,  t h e  s t r u c t u r e
1 n" 1of  y and e p a r t s  f o r  a P s t a t e  a r e  even and odd Hermite f u n c t i o n s  
r e s p e c t i v e l y .  S ince  th e  d i p o l e  s e l e c t i o n  r u l e  o f  a harmonic o s c i l l a t o r  
i s  < n |x |n+ l> *0  and o th e rw is e  z e r o ,  and because  t h e  d i p o l e  m a t r ix  e lement
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co n n e c t in g  two r i d g e  s t a t e s  w ith  symmetries  *Se and *P° can be w r i t t e n  
as
<'*'Se , |R (aY+be) | ^ P ° , < t > , ( 4 .7 )
we can immediately  see  why on ly  one channel  (one r i d g e  s t a t e )  w i th  
symmetry *P° f o r  each t h r e s h o l d  N w i l l  be p redom ina te ly  p h o t o e x c i t e d .  
A f t e r  t h e  proposed bases  f o r  *Se and *P° have been d e v e lo p e d ,  t h e  
t r a n s i t i o n  o s c i l l a t o r  s t r e n g t h
2 (E r Ej ) | < 1Se , ^ | R ( a Y+ b 6 ) | 1P ° , ^ > | 2 ( 4 .8 )
can be e v a l u a t e d  and compared with  o t h e r s '  work.
APPENDIX A
RECURRENCE RELATIONS OF STANDARD ERROR REPEATED INTEGRALS
Repeated i n t e g r a l s  of  t h e  e r r o r  f u n c t i o n ,  which have been d e f in e d  
in  t h e  p a r t  A ( 2 . 1 5 ) ,  have t h e  fo l l o w in g  r e c u r r e n c e  r e l a t i o n s
E ' ( n )  = - i  E ' ( n - l )  + ^  E ' ( n - 2 )  , ( B . l )
w ith
E '< ° )  = f  / "  e - ‘  d t  . (B.2)
and
2 22E ' ( - l )  E f  e 2 . (B.3)
Any r e p e a t e d  i n t e g r a l s  o f  t h e  e r r o r  f u n c t i o n  can t h e r e f o r e  be 
e x p re s s e d  in  te rms o f  E' ( 0 )  and E ' ( - l ) ,  and t h e s e  two may be n u m e r i c a l l y  
e v a l u a t e d .
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PART B
NEGATIVE ION PHOTODETACHMENT IN AN ELECTRIC FIELD
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CHAPTER I 
INTRODUCTION
The e f f e c t  o f  long range  e x t e r n a l  f i e l d s  on t h e  p h o t o i o n i z a t i o n  o f  
atoms and m olecu le s  i s  o f  c o n s i d e r a b l e  i n t e r e s t  in  a tomic  p h y s i c s .  A 
number o f  r e c e n t  p ap e r s  have r e p o r t e d  s t u d i e s  of  p h o t o i o n i z a t i o n  o f
on
n e u t r a l  atoms in e l e c t r i c  o r  magne t ic  f i e l d s .  S eve ra l  t h e o r e t i c a l  
a pproaches  have beep proposed  and used t o  e x p l a i n  t h e  observed  
phenomena. One of  them, namely t h e  frame t r a n s f o r m a t i o n  a n a l y s i s ,  has 
been p a r t i c u l a r l y  s u c c e s s f u l .  Harmin used t h i s  approach t o  accoun t  f o r  
t h e  S t a r k  e f f e c t  o f  atomic  s p e c t r a  in  t h e  p h o t o i o n i z a t i o n  c r o s s  s e c t i o n  
n ea r  and above t h e  z e r o - f i e l d  i o n i z a t i o n  t h r e s h o l d  o f  Rydberg a t o m s . ^  
However t h e  r e l a t e d  s tu d y  o f  photode tachment of  a n e g a t i v e  ion  in  
an e x t e r n a l  f i e l d  has r e c e iv e d  l e s s  a t t e n t i o n  and t h e r e  i s  l i t t l e  
e x p e r im e n ta l  i n f o r m a t i o n .  To our  knowledge,  pho tode tachm ent ex p e r im e n t s  
w i th  a S" n e g a t iv e  ion  i n  a magnetic  f i e l d 4* and a H-  n e g a t i v e  ion  in  an
A O
e l e c t r i c  f i e l d  a r e  t h e  on ly  ones t h a t  have been r e p o r t e d .  P a r t  of  our  
m o t i v a t i o n  in  e x ten d in g  th e  t h e o r e t i c a l  a n a l y s i s  v i a  frame 
t r a n s f o r m a t i o n s  i n t o  t h i s  a r e a  o f  n e g a t iv e  ions  i s  t o  encourage  such 
e x p e r im e n ta l  s t u d y .  F u r t h e r ,  photode tachment of  a S~ n e g a t i v e  ion  i n  a 
m agne t ic  f i e l d  has r e c e n t l y  been t h e o r e t i c a l l y  s t u d i e d  by G re e n e .4**
Here we fo l l o w  h i s  method o f  a n a l y s i s  and ex tend  t h e  a n a l y t i c a l  work t o  
a n e g a t i v e  ion  in  t h e  o t h e r  complementary e x t e r n a l  f i e l d ,  namely,  t h e  
e l e c t r i c  f i e l d .  All  t h e s e  a n a l y s e s  would s h a re  some common f e a t u r e s .
The e f f e c t  o f  t h e  e x t e r n a l  f i e l d  i s  e n t i r e l y  n e g l i g i b l e  f o r  t h e  s m a l l - r  
motion  so t h a t  t h e  p h o to a b s o r p t io n  p ro c e s s  which o c c u r s  in  t h i s  r e g io n  
i s  t o t a l l y  u n a f f e c t e d .  Only t h e  subsequen t  long range  p r o p a g a t i o n  o f
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t h e  p h o t o e l e c t r o n  i s  in f l u e n c e d  by th e  e x t e r n a l  f i e l d s .  Th is  a ssumpt ion  
s i m p l i f i e s  our  a n a l y t i c a l  work,  t h e  e f f e c t  o f  t h e  f i e l d  be ing simply  
c a p s u l a t e d  i n  a s o - c a l l e d  "modula t ing f a c t o r . "  This  f a c t o r  a r i s e s  from 
an a d d i t i o n a l  "frame t r a n s f o r m a t i o n " 4^ ’44 between th e  s m a l l - r  r e g io n  and 
t h e  r e g io n  where t h e  long range  e x t e r n a l  f i e l d  p r e v a i l s ,  t h e  
w avefunc t ion  having  to  be adap ted  t o  t h e  new ( c y l i n d r i c a l )  symmetry
AG
a p p r o p r i a t e  t o  t h e  e l e c t r i c  f i e l d .
This  new frame t r a n s f o r m a t i o n  has t h e  d i s t i n g u i s h i n g  f e a t u r e  t h a t  
i t  i s  n o n - o r t h o g o n a l , as  f i r s t  noted by Fano4^ and Harmin4^ in  t h e i r  
s tu d y  of  p h o t o i o n i z a t i o n  o f  a n e u t r a l  atom in  an e l e c t r i c  f i e l d .  As 
p o i n t e d  o u t  by them, t h i s  t r a n s f o r m a t i o n  and th e  modula t ing  f a c t o r  i t  
l e a d s  t o  can be worked o u t  a n a l y t i c a l l y  when t h e  l a r g e - r  mot ion  in  t h e  
long range  f i e l d s  can be so lved  e x a c t l y  in  an a p p r o p r i a t e  system o f  
c o o r d i n a t e s .  T h e i r  work r e s t e d  on th e  f a c t  t h a t  mot ion  in  t h e  combined 
coulomb and e l e c t r i c  f i e l d  p o t e n t i a l s  has an a n a l y t i c a l  s o l u t i o n  in  
p a r a b o l i c  c o o r d i n a t e s . 4^ For our  problem with  n e g a t i v e  i o n s ,  where 
t h e r e  i s  on ly  t h e  e l e c t r i c  f i e l d  a t  l a r g e - r ,  we can use e i t h e r  
C a r t e s i a n ,  c y l i n d r i c a l  o r  p a r a b o l i c  c o o r d i n a t e s  as t h e  e l e c t r i c  f i e l d  
p o t e n t i a l  s e p a r a t e s  in  a l l  t h r e e  sys tem s .  Here we ana ly z e  t h e  problem 
w i th  c y l i n d r i c a l  c o o r d i n a t e s  f o r  two r e a s o n s .  I t  i s  t h e  n a t u r a l  c h o i c e  
f o r  t h e  a n a l y s i s 4^ o f  photode tachment in  a magnetic  f i e l d  and th e r e b y  
a l lo w s  compar isons  and c o n t r a s t s  w i th  t h a t  i n v e s t i g a t i o n .  F u r t h e r ,  t h e  
f u t u r e  may c a l l  f o r  e x t e n s i o n s  t o  t h e  ca s e  o f  combined f i e l d s .  Second,  
we can p roceed  t o  t h e  f i n a l  s t e p s  th rough  s im p le ,  a n a l y t i c a l
A G
e x p r e s s i o n s  whereas  t h e  cho ice  o f  o t h e r  c o o r d i n a t e s  sys tems i s  more 
clumsy in  t h i s  a s p e c t .
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The arrangement o f  t h i s  p a r t  o f  t h e  t h e s i s  i s  as  f o l l o w s .  Chapte r  
I I  d i s c u s s e s  t h e  frame t r a n s f o r m a t i o n  from s p h e r i c a l  t o  c y l i n d r i c a l  
symmetry and shows t h a t  t h e  t r a n s f o r m a t i o n  i s  a non-o r thogona l  one in  
t h e  p re sen ce  o f  an e x t e r n a l  f i e l d .  A n a ly t i c a l  s t r u c t u r e s  of  t h e  
"modula t ing  f a c t o r " ,  as  a r e s u l t  o f  t h e  non-or thogona l  t r a n s f o r m a t i o n ,  
w i l l  be examined in  Chapter  I I I .  In t h e  l a s t  two c h a p t e r s ,  we app ly  
t h i s  a n a l y t i c a l  framework and ana lyze  two s p e c i f i c  n e g a t i v e  i o n s ,  namely 
H" and S“ (o r  i t s  P e r io d i c  t a b l e  ana logs  0" and Se“ ) ,  f o r  
i l l u s t r a t i o n .  Atomic u n i t s  w i l l  be used th ro u g h o u t  t h e  whole p a p e r .
C h a p te r  I I
FRAME TRANSFORMATION FROM SPHERICAL TO CYLINDRICAL SYMMETRY
The p o t e n t i a l  o f  a p h o t o e l e c t r o n  in  a s h o r t  r ange  p o t e n t i a l  p l u s  
t h e  S t a r k  p o t e n t i a l  i s
V(r )  = vs ( r )  + Fz , (1)
where t h e  s h o r t  r ange  p o t e n t i a l  vs ( r )  van i shes  o u t s i d e  t h e  c o r e ' s
r a n g e .  The s u i t a b l e  d e s c r i p t i o n  f o r  t h e  s m a l l - r  motion i s  i n  s p h e r i c a l
c o o r d i n a t e s ,  w h i l e  a t  l a r g e - r ,  as  remarked in  Chapter  I ,  we pass  t o
c y l i n d r i c a l  c o o r d i n a t e s .  We have then  t o  r e c a s t  t h e  f u l l  wave f u n c t i o n
from i t s  s p h e r i c a l  d e s c r i p t i o n  t o  t h e  c y l i n d r i c a l  one a p p r o p r i a t e  t o  t h e
long range  r e g i o n .  Apar t  from th e  common c o o r d i n a t e  4>, t h e  az im utha l
a n g l e  c o n j u g a t e  t o  Mj, t h i s  i s  e f f e c t i v e l y  a tw o-d im ens ional
t r a n s f o r m a t i o n  ( r , e )  -*■ ( p , z ) .  The i n i t i a l  s t e p  in  t h i s  a n a l y s i s  i s  t o
make a l o c a l  c o o r d i n a t e  t r a n s f o r m a t i o n  in  t h e  s m a l l - r  r e g io n  (where t h e
te rm i n  (1)  i n v o lv in g  F i s  s t i l l  n e g l i g i b l e )  between wave f u n c t i o n s  of  a
f r e e  p a r t i c l e  from s p h e r i c a l  t o  c y l i n d r i c a l  b a s e s .  The b a s e s  be ing
o r t h o g o n a l ,  so i s  t h e  t r a n s f o r m a t i o n  U ^ 0 . Next,  t h e  f a c t  t h a t  t h e  wave
f u n c t i o n s  of  t h e  a s y m p to t i c  r e g io n  (which a r e  dependent  on F) must be
p r o p o r t i o n a l  a t  s m a l l e r  d i s t a n c e s  t o  th e  c y l i n d r i c a l  w a v e fu n c t io n s  o f  a
Ff r e e  p a r t i c l e  i s  e x p l o i t e d  t o  g e t  t h e  non-o r thogona l  t r a n s f o r m a t i o n  U 
t h a t  r e c a s t s  t h e  s m a l l - r  r e g i o n  f u n c t i o n  in  te rms o f  t h o s e  f o r  t h e  
a s y m p t o t i c  r e g i o n .  This  i s  t h e  key r e s u l t  o f  our  a n a l y s i s  because  t h e  
m odu la t ing  f a c t o r  in  t h e  c r o s s - s e c t i o n s  i s  e s s e n t i a l l y  t h e  s q u a re  o f  U^.
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( i )  T ran s fo rm a t io n  when F=0
When t h e  p h o t o e l e c t r o n  i s  s t i l l  a t  small  d i s t a n c e  from t h e  atomic  
c o r e ,  t h e  p o t e n t i a l  term Fz in  (1)  i s  s t i l l  ve ry  small  and can be 
ig n o re d .  The p h o t o e l e c t r o n  i s  e s s e n t i a l l y  f r e e  of  t h e  a tomic  co re  and 
can be d e s c r ib e d  by a f r e e  p a r t i c l e  w avefunc t ion  w i th  s p h e r i c a l  
symmetry.  (We wi l l  ignore  long range  i n f l u e n c e s  o f  t h e  c o r e ,  such as 
t h e  p o l a r i z a t i o n  p o t e n t i a l . )  The r e g u l a r ,  energy  normal ized  s p h e r i c a l
s o l u t i o n s  f o r  a f r e e  e l e c t r o n  a r e : 48
Flm(?) -  ( 2 . r a e 1m* %  p ; (cose )  r *  J ^ ( k r )am a' ( 2 )
where
N _ / i \ ( n H - | m | ) / 2  . a r 2 a + l 1% f_(4- 
am “ 1 1 2 J l (an
( a - m ) !
+ m )!
(3)
On t h e  o t h e r  hand,  t h e  r e g u l a r ,  energy  normal ized  s o l u t i o n s  f o r  a 
f r e e  e l e c t r o n  in  c y l i n d r i c a l  c o o r d i n a t e s  a r e :
i • , n n i  , cosqz H 1
= ( 2 n )_'se J  ( (k -q  ) p ) ( i t q ) Z 
qm m s inqz  =-1 .
(4)
O
For any energy *gk , t h e r e  a r e  two d e g e n e r a t e  s o l u t i o n s  o f  even and
p
odd p a r i t y  under  z+ -z .  The energy  igk , i s  p a r t i t i o n e d  i n t o  a
p 7 9
l o n g i t u d i n a l  energy  Jgq f o r  t h e  z-mot ion  and an energy  %(k -q  ) f o r  
t h e  p -m ot ion ,  both e n e r g i e s  be ing  p o s i t i v e .  We now t r a n s f o r m  f u n c t i o n s  
from s p h e r i c a l  symmetry t o  t h e  c y l i n d r i c a l  symmetry t h a t  p e r t a i n s  a t
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i n f i n i t y .  N o t ice  t h a t  t h e  azimuthmal quantum number i s  common t o  both  
schemes and expans ion  o f  i|i i n  te rm s  of  s p h e r i c a l  e i g e n f u n c t i o n s  
r e q u i r e s  in  g e n e ra l  a l l  s p h e r i c a l  e i g e n f u n c t i o n s  F , i . e .
-  Z. Uq l 0(m) Fw r r )  ’ <5>
w h i le  t h e  summation runs  o v e r  even(odd)  a-m f o r  t t z =+1( - 1) .  The 
a n a l y t i c a l  e x p r e s s i o n  of  t h e  t r a n s f o r m a t i o n  m a t r ix  e lement  t h a t  f o l l o w s  
from (2) and (4) t u r n s  o u t  t o  be
i , F - 0 , „ x /2a+l\% ( (j
q i  <m> " <-kq-> ( t
a - m )!
(a+ m ) •
Owing t o  t h e  a n g u l a r  momentum b a r r i e r  and t h e  o p t i c a l  s e l e c t i o n  r u l e  f o r  
p h o t o a b s o r p t i o n ,  t h e  ou tgo ing  p h o t o e l e c t r o n s  a r e  main ly  r e s t r i c t e d  t o  
some s p e c i f i c  low a waves. At t h e  edge o f  t h e  s h o r t  range  c o r e ,  ou r  
p r im ary  i n t e r e s t  i s  g e n e r a l l y  r e s t r i c t e d  t o  a few, low v a l u e s  of  a f o r  
t h e  t r a n s f o r m a t i o n  m a t r ix  e l e m e n t s .
( i i )  T ra n s fo rm a t io n  f o r  f i n i t e  F
In t h e  p re s e n c e  o f  a s t a t i c  e l e c t r i c  f i e l d ,  t h e  e x a c t  en e rg y -
O
normal ized  c y l i n d r i c a l  s o l u t i o n  f o r  a f r e e  e l e c t r o n  of  ene rgy  %k , w i th
P
a g a i n  ^  a p p o r t i o n e d  t o  t h e  z -m o t io n 9 i s
*Fra(f ) = ( 2 » ) ~ V m* J ml (k2-q 2 )%p) ( 4 / F ) 1 /6  A i [ ( 2 F ) 1 / 3 ( z - q 2/ 2 F ) l  ,
(7)
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4Q ? 9where Ai i s  t h e  Airy  f u n c t i o n ,  q can range  from -°° t o  k . Only t h e
z - p a r t  o f  t h e  above f u n c t i o n  d i f f e r s  from t h a t  in  ( 4 ) .  The key p o i n t
here  i s  t h a t  t h e  t r a n s i t i o n  d i p o l e  m a t r ix  element <1l,qni Iz I f ° r
p h o to a b s o r p t i o n  g e t s  a c o n t r i b u t i o n  on ly  from a s m a l l - r  r e g i o n .  4»0 , t h e
i n i t i a l  w avefunc t ion  o f  a n e g a t i v e  ion  i s  n e g l i g i b l e  o ve r  on ly  a s m a l l - r
r e g i o n .  T h e re ,  we ma in ly  need 4^  f o r  small  r  and F does  no t  a f f e c t  t h e
s t r u c t u r e  o f  t h e  m a t r i x  e l em en t  i t s e l f .  We can assume 41^  i sqm
p r o p o r t i o n a l  t o  41 and e x p r e s s  i t  a t  small  d i s t a n c e  in  te rm s  o f  t h e  F=0
f u n c t i o n  41 i n  ( 4 ) :  qm v '
4'~m( r )  ~ Ai|) (ti =+1 ) + Bip ( tt = —1 )  . ( 8 )vqm' ’ r qmv z ' qmv z 7 v '
45 50Upon e v a l u a t i n g  both  s i d e s  a t  z=0,  we o b t a i n
A = ( i r q )^ (4 /F ) 1 /6  A i [ - q 2/ ( 2 F ) 2 / 3 ] , ( 9 . a)
B = ( i r /q )^  ( 16F) 1/6  A i ' [ - q 2/ ( 2 F ) 2 / 3 J . ( 9 .b )
On combining them w i th  ( 5 ) ,  we have t h e  t r a n s f o r m a t i o n  between 
c y l i n d r i c a l  and s p h e r i c a l  symmetry v a l i d  f o r  F*0.
with
U! > >  = C (ra) [B f 0 r  t+ "  o d d "  . <U >
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The p re s e n c e  o f  th e  f a c t o r s  A and B makes l /  a n on -o r thogona l
t r a n s f o r m a t i o n .
( i i i )  T ra n s fo rm a t io n  f o r  i r r e g u l a r  f u n c t i o n s
Th is  f u r t h e r  s t e p  can be ignored  i f  t h e  c o r e  e f f e c t  i s  
n e g l i g i b l e .  I t  i s  e q u i v a l e n t  t o  assuming t h a t  t h e  te rm vs ( r )  v a n i s h e s  
in  t h e  e x p r e s s i o n  ( 1) ,  so t h a t  no i r r e g u l a r  s o l u t i o n s  a r e  mixed i n t o  t h e  
f i n a l  s t a t e  w avefunc t ion .  However, f o r  a n e g a t iv e  ion  w i th  t h e  p re s e n c e  
o f  a m u l t i p a r t i c l e  c o re  which i s  co n f in e d  t o  small  r a d i a l  d i s t a n c e s  
( e . g .  a S“ i o n ) ,  an a d d i t i o n a l  frame t r a n s f o r m a t i o n  i s  r e q u i r e d  f o r  t h e  
i r r e g u l a r  wave f u n c t i o n s .  S ince  f o r  most n e g a t iv e  io n s  t h e  i n n e r  well  
r e g i o n  i s  l i m i t e d  and s m a l l ,  we can assume t h a t  t h e  F*0 i r r e g u l a r  wave 
f u n c t i o n s  and t h e  c o n ju g a te  i r r e g u l a r  one in v o l v in g  t h e  i r r e g u l a r  Airy  
f u n c t i o n ,  which o s c i l l a t e s  90° o u t  o f  phase a t  z-»-°° a r e  s t i l l  s i m i l a r l y  
90° o u t  o f  phase  i n  t h e  matching r e g i o n ,  as  a r e  t h e  cosqz and s in q z  to  
which th e y  a r e  matched.  Th is  a l low s  us t o  w r i t e  as  t h e  c o n j u g a t e  t o
( 10)
x q m ( r )  ) q a  G j u i / r )  *
( 12a)
where Gam( r )  and x^m(n) a r e  i r r e g u l a r  s p h e r i c a l  and c y l i n d r i c a l  wave 
f u n c t i o n s ,  a long  w i th  t h e  i n v e r s e  r e l a t i o n s h i p
(12b)
CHAPTER I I I  
STRUCTURE OF THE MODULATING FACTOR
The modula t ing  f a c t o r  HF c a p s u le s  t h e  e n t i r e  e f f e c t  o f  t h e  e x t e r n a l  
f i e l d  and i s  d e f in e d  a s ^ 5 , ^°
2
HF(k) = / _ £  d(*sq ) |Uqa (m)| » (13)
wi t h  u L ( m )  as g iv e n  1n ( 1 1 ) .  I t  i n vo lves  an i n t e g r a t i o n
M*'r  o 2
o f  IU (m)| o ve r  a l l  p o s s i b l e  v a lu e s  of  t h e  l o n g i t u d i n a l  energy  %q f o rqjl
p
a g ive n  t o t a l  energy  % k . For F*0, s i n c e  t h e  p o t e n t i a l  Fz f a l l s  
t o  -°° a t  z=-co, t h e  lower l i m i t  o f  t h e  i n t e g r a l  i s  s e t  a t  -°°. Upon
combining (6 ) ,  (9)  and (1 1 ) ,  (13) can be w r i t t e n  as
* I2 ) ( - ) * - 1-m(Z |± i )  ( 4 )1 /3  A12 [ . q2/ ( 2F )2 / 3 ] x
i P ^ n i ^ A ) !  *■** even
HF (k) = {
* I - l f W )  H * " 1" " ^ 1) (16F )1/3  A i ' 2 [ - g 2/ ( 2 F ) 2 / 3 | x
kq '  ' '
lPam^q / k ^ 2 a+m odd
(14)
F 7S evera l  f e a t u r e s  of  H (k)  in  (14) a r e  worthy of  n o t i c e .  For k >0,
t h e  i n t e g r a l s  t h a t  d e f i n e  HF (k) can be s p l i t  i n t o  two r a n g e s ,  (-«>, 0)
7 Fand (0 ,  %k ) .  The fo rm er ,  which e q u a l s  H ( 0 ) ,  can be e v a l u a t e d
a n a l y t i c a l l y  and t h e  l e a d in g  te rm i s  p r o p o r t i o n a l  to  ( F / k ^ ) ^ a+^ ^ .
p
The i n t e g r a l  from 0 to  % k , on th e  o t h e r  hand,  o s c i l l a t e s  w ith  
i n c r e a s i n g  k as more loops  o f  th e  Airy  f u n c t i o n  o r  i t s  d e r i v a t i v e s  a r e
72
73
e n c lo se d  by th e  i n t e g r a n d .  The f u n c t i o n  o s c i l l a t e s  w i th  damped 
o s c i l l a t i o n s  dying down t o  t h e  a sy m p to t i c  va lue  of  u n i t y .  For t h e  v a lu e  
m=0 , t h e  polynomial  pftQ(q/l<) has a l e a d in g  te rm ( q / k ) 3 th e  am p l i tu d e  i s  
th e r e b y  p r o p o r t i o n a l  t o  f ^ 2s,+^ ^ .  O s c i l l a t i o n s  a r e  a l s o  p r e s e n t  f o r  
o t h e r  v a lu e s  o f  m, but  o f  much weaker am pl i tude  and l a r g e r  w av e le n g th ,  
owing t o  more te rms with  o p p o s i t e  s i g n s  in t h e  polynomial  pam( <l / |<) witl1 
m*0. For n e g a t iv e  e n e r g i e s ,  t h e r e  i s  a r a p i d  f a l l  o f f  in  t h e  v a lu e  o f  
Hf ( k ) ,  p r o p o r t i o n a l  t o  an e x p o n e n t i a l  f a c t o r  exp(-2ic3/ 3 F ) .  The 
modula t ing  f a c t o r  HF ( k )  red u ce s  t o  u n i t y  a s  F+0. A n a l y t i c a l  e x p r e s s i o n s  
o f  f o r  s -  and p-  waves f o r  c e r t a i n  l i m i t i n g  v a l u e s  of  energy  and 
f i e l d  s t r e n g t h  a r e  d i s c u s s e d  in  Appendix B, and v a lu e s  p r e s e n t e d  
g r a p h i c a l l y  in  F ig u re s  B l ,  B2 and B3.
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F = 10*' au.
1.0 2.0 3.00.0- 1.0
ENERGY (a.u) * 10
f
F 1 g .  B . l  M o d u l a t i n g  f a c t o r  H f o r  s - w a v e  f o r  a f i e l d  o f  
F = 1 0 " 5 a . u .
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l
2 -
 1 | I I I I
- 1.0 0.0 1.0 2.0 3.0 4.0 5.0
ENERGY (a.u.) * 10
F i g .  B . 2 M o d u l a t i n g  f a c t o r  HF f o r  p - w a v e  w i t h  = 0 
f o r  a f i e l d  o f  F = 2 x 10  a . u .
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3
2
1
0
- 1.0 0.0 1.0 2.0 3.0 4.0 5.0
ENERGY (a.u.) * 103
F i g .  B . 3  M o d u l a t i n g  f a c t o r  f o r  p - w a v e  w i t h  m^= ± 1 
i o r  n f i o l d  o f  F = 2 x 10 ^ a . u .
CHAPTER IV
PHOTODETACHMENT OF H" IN AN ELECTRIC FIELD
4 ?A very  r e c e n t  p a p e rn has p r e s e n t e d  th e  f i r s t  d e t a i l e d  e x p e r im e n ta l  
d a t a  on t h e  photode tachment of  H" in  t h e  v i c i n i t y  of  t h r e s h o l d  and i n  
t h e  p re s e n c e  o f  an e l e c t r i c  f i e l d  (10^ V/cm).  "R ipp le s"  in  t h e  c r o s s -  
s e c t i o n  appear  under  n - p o l a r i z e d  l i g h t ,  w ith  t h e  p re s e n c e  o f  an e l e c t r i c  
f i e l d .  On t h e  o t h e r  s i d e ,  t h e  photodetachment c r o s s - s e c t i o n  under  o-  
p o l a r i z a t i o n  r i s e s  smoothly with  en e rg y ,  much l i k e  t h e  z e r o - f i e l d  
c a s e .  A n e g a t i v e  hydrogen ion  i s  t h e  s i m p l e s t  system and has been 
e x t e n s i v e l y  s t u d i e d  a t  z e ro  f i e l d  e x p e r i m e n t a l l y  and t h e o r e t i c a l l y .  The 
z e ro  f i e l d  pho tode tachment c r o s s - s e c t i o n  n e a r  t h r e s h o l d  i s  wel l  known in  
a s im ple  form t h a t  i n v o l v e s  on ly  t h e  b ind ing  energy  of  t h e  n e g a t i v e
Cl
io n .  Using t h i s  a s  an i n g r e d i e n t ,  we can d e r i v e  an a b s o l u t e  c r o s s -  
s e c t i o n  f o r  photode tachment in  an e l e c t r i c  f i e l d  v i a  a frame 
t r a n s f o r m a t i o n  a n a l y s i s .  Our e x p r e s s io n  acc oun ts  well  f o r  t h e  
e x p e r im en ta l  d a t a .
F i r s t  we g iv e  a b r i e f  d e s c r i p t i o n  o f  ze ro  f i e l d  pho tode tachment o f  
H". For a weakly bound system such as t h i s ,  t h e  z e r o - r a n g e  
app rox im a t ion  can be used t o  d e s c r i b e  t h e  p h o to a b s o r p t io n  p r o c e s s  in  a 
p a r t i c u l a r l y  s im ple  form. The p r e v io u s  s t u d i e s  showed t h a t  phase  s h i f t  
o f  t h e  ou tg o in g  p-wave p h o t o e l e c t r o n  i s  n e g l i g i b l e  f o r  k ^ < 0 . 1 . ^  In 
o t h e r  words,  we can assume t h a t  t h e  term vs ( r )  in  ( 1) i s  z e r o  and t h e  
t r a n s f o r m a t i o n  f o r  an i r r e g u l a r  f u n c t i o n  d e s c r ib e d  i n  Chapte r  I I  ( i i i )  
i s  u n n e c e s s a r y .  T h e r e f o r e ,  t h e  ou tgo ing  p-wave e l e c t r o n  i s  well  
d e s c r i b e d  by t h e  wave f u n c t i o n  f o r  a f r e e  p a r t i c l e  o f  a n g u l a r  
momentum «,=!, t h a t  i s ,
77
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f l m(?)  = ( 2 k / n ) Js j 1 (k r )  Ylm( r )  . (15)
Within  t h i s  framework,  t h e  z e r o - f i e l d  photode tachment c r o s s - s e c t i o n  i s
51e a s i l y  worked o u t .
F=0 (32u)KB/(l-KQre ) 3
a -  ------------------5— p—  k , (16)
3(137) (icg+k )
2
where ^<g=-0.7452 eV i s  t h e  b in d ing  energy  o f  H“ . Th is  r e s u l t  
compares*3 very  well  wi t h  exper iment and more e l a b o r a t e  t h e o r y ®3 f o r  a 
l a r g e r  energy  range  than  t h a t  of  i n t e r e s t  t o  us f o r  t h e  r e c e n t  
exper im en t  on photode tachment in  an e l e c t r i c  f i e l d .
In t h e  p re sen ce  o f  an e l e c t r i c  f i e l d ,  t h e  c r o s s - s e c t i o n  a^ ( k)  f o r  
H“ can be o b ta in e d  simply by mu l t i p l y i n g  th e  modu la t ing  f a c t o r  H ^ k )  t o  
t h e  c r o s s - s e c t i o n  f o r  F=0, owing t o  t h e  v a l i d i t y  o f  t h e  a ssum pt ions  t h a t  
were made in  t h e  second pa rag raph  of  Chapter  IV. We have,  t h e r e f o r e ,®0
2
/ ( k )  -  oF=0 x d t W ^ I U ^ M I 2 , (17)
w i th  m=±l(0 ) f o r  o(n)  p o l a r i z a t i o n .
The g e n e ra l  form of t /  (m) has been e xp re s sed  i n  ( 1 4 ) .  For t h e(JJc
ou tgo ing  p-waves wi t h  d i f f e r e n t  p o l a r i z a t i o n s ,  we have50
= (3ir /k3)*s(16F )1/6 A i ' [ - q 2/ ( 2 F ) 2 / 3 ] m=0 (18a)
F
V
= (3 i i /2k) is( 4 / F ) 1/6  A i [ - q 2 / ( 2 F ) 2 / 3 | ( l - q 2/ k 2 ) m=±l (18b)
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As mentioned above i n  Chapte r  I I I ,  H^(0) i n  (17) i s  p r o p o r t i o n a l  t o
O
F/k  . Th is  term c a n c e l s  t h e  s e n s i t i v e  energy -dependen t  f a c t o r  i n  (16)
in  t h e  z e r o - f i e l d  c r o s s - s e c t i o n ,  r e s u l t i n g  in  a f i n i t e  c r o s s - s e c t i o n  a t
t h r e s h o l d  now. This  v a lu e  i s  p r o p o r t i o n a l  t o  F. F u r t h e r  oF i s  n o n -ze ro
below t h e  ze ro  f i e l d  de tachment t h r e s h o l d  and d e c r e a s e s  r a p i d l y  and
m o n o to n ic a l ly  from i t s  v a lu e  a t  t h r e s h o l d ,  owing t o  t h e  e x p o n e n t i a l l y
F 9d e c r e a s i n g  damping f a c t o r  in  H (k)  when k <0. F ig u re  B4 compares r e c e n t  
ex p e r im e n ta l  d a t a  on photode tachment o f  H“ w i th  t h e  r e s u l t  i n  (17) upon 
combining i t  w i th  (16) f o r  n p o l a r i z a t i o n  (m=0). O s c i l l a t i o n s  a r e  a l s o  
p r e s e n t  f o r  a p o l a r i z a t i o n  (m=±l),  bu t  much weaker am p l i tude  and l a r g e r  
wave le ng th  a s  i t  can be seen  in  F igure  B .5 .  The weakness o f  t h e  
o s c i l l a t i o n s  stems from th e  second f a c t o r  in  (18b ) .
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PHOTON ENERGY (eV)
F i g .  B . 4  P h o t o d e t a c h m e n t  c r o s s - s e c t i o n  o f  II" w i t h  ( — , 
E q ( 1 7 )  ) a n d  w i t h o u t  ( — , E q ( 1 6 )  ) a n  e l e c t r i c  
f i e l d ,  c o m p a r e d  w i t h  e x p e r i m e n t a l  d a t a  ( x )  f o r  
T f p o l a r i z a t i o n .  T h e  e x p e r i m e n t a l  r e s u l t s  a r e  
n o r m a l i z e d  t o  t h e  t h e o r e t i c a l  o n e s  a t  t h e  p o i n t  
m a r k e d  by a n  a r r o w .
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PHOTON ENERGY (eV)
F i g .  B . 5  P h o t o d e t a c h m e n t  c r o s s - s e c t i o n  o f  H~ w i t h  ( ------ ,
E q ( 1 7 )  ) a n d  w i t h o u t  ( ------ , E q ( 1 6 )  ) a n  e l e c t r i c
f i e l d  for  <r p o l a r i z a t i o n .
CHAPTER V.
PHOTODETACHMENT OF S '  IN AN ELECTRIC FIELD
We ana ly z e  a S '  io n  ( o r  i t s  P e r i o d i c  Tab le  a n a l o g s ,  O'  and S e ' )  
because  t h e r e  e x i s t s  a l r e a d y  a d e t a i l e d  th e o ry  o f  m u l t i - c h a n n e l  
pho to de tachm en t  in  t h i s  system ip  t h e  absence  of  an e x t e r n a l  f i e l d . ^  
This  t h e o r y  has been c a s t  in  t h e  language of  frame t r a n s f o r m a t i o n s  
( a l b e i t  o r th o g o n a l  ones)  between s m a l l -  and l a r g e - r .  The d e s c r i p t i o n  a t  
s m a l l - r  and p a r t  o f  t h e  t r a n s f o r m a t i o n  t o  l a r g e - r  a r e ,  t h e r e f o r e ,  
a l r e a d y  a v a i l a b l e .  Here we j u s t  need th e  e x t r a  frame t r a n s f o r m a t i o n  
in t r o d u c e d  by t h e  e x t e r n a l  f i e l d  t h a t  has been developed  i n  C hap te r  II  
t o  have a f u l l  t r e a t m e n t  o f  t h e  problem. We a l s o  no te  t h a t  i t  i s  
p r e c i s e l y  in  t h e  S '  n e g a t iv e  ion  t h a t  expe r im en ta l  d a t a  i s  a v a i l a b l e  on 
pho tode tachm en t  w i th o u t  an e x t e r n a l  f i e l d ^  and w i th  a s t a t i c ,  m a gne t ic  
f i e l d , ^  bu t  no expe r im en t s  a r e  as y e t  a v a i l a b l e  w i th  an e l e c t r i c  f i e l d .
In compar ison w i th  H ' ,  t h e  problem i s  c om pl ica ted  by t h e  p re s e n c e  
of  a m u l t i - e l e c t r o n  co re  ( t h e  s u lp h u r  atom).  We r e s t r i c t  o u r s e l v e s  t o  
t h e  r e g io n  around t h e  t h r e s h o l d  f o r  t h i s  p r o c e s s ,
S~( 2p3 / 2 ,  1/2^ + hv -  S ( 3p2 , l , 0 ) + e (a=0) * (19)
The t h r e s h o l d  i s  s p l i t  i n t o  s i x  d i f f e r e n t  f i n e - s t r u c t u r e  c h a n n e l s  by 
f i n e - s t r u c t u r e  i n t e r a c t i o n s .  The s h o r t  range  vs ( r )  in  ( 1 ) ,  however,
e x t e n d s  o ve r  a few a . u .  We wi l l  c a l l  t h i s  r e g io n  I f o r  t h e
p h o t o e l e c t r o n ' s  m ot ion .  O u ts id e  t h i s  r e g i o n ,  s i n c e  t h e  te rm i n  F on ly
becomes s i g n i f i c a n t  f o r  d i s t a n c e s  exceeding  s e v e r a l  hundred a . u . ,  i t  i s
u s e f u l  t o  s u b d iv id e  f u r t h e r  i n t o  two r e g i o n s .  An i n t e r m e d i a t e  r e g i o n
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I I ,  s t i l l  d e s c r i b e d  in  s p h e r i c a l  c o o r d i n a t e s  and s t r e t c h i n g  t o  = 10
a . u . ,  i s  s e p a r a t e d  from a f u r t h e r  r e g io n  I I I  which th e n  s t r e t c h e s  to
a s y m p to t i c  i n f i n i t y ,  and where th e  Fz term and i t s  c y l i n d r i c a l  symmetry
p r e v a i l .  Each passage  between r e g io n s  i s  accompanied by a frame
t r a n s f o r m a t i o n  between th e  d e s c r i p t i o n s  of  t h e  wave f u n c t i o n  t h a t  a r e
a p p r o p r i a t e  t o  each  r e g i o n .
The p h o t o e l e c t r o n  i s  main ly  an s-wave and s t r o n g l y  coupled  t o  t h e
co re  i n  r e g io n  I — a re g io n  where LS-coupling  p r e v a i l s .  As t h e  e l e c t r o n
p r o p a g a t e s ,  t h e  system p a s s e s  i n t o  r e g io n  II  where i t  b reaks  up i n t o
a l t e r n a t i v e  " f r a g m e n t a t i o n  channe ls "  which co r respond  t o  a l t e r n a t i v e
f i n e - s t r u c t u r e  l e v e l s  o f  S“ and a r e  r e p r e s e n t e d  in  j j - c o u p l i n g .  Hence,
th e  f i r s t  s t e p  i n v o lv e s  an o r thogona l  t r a n s f o r m a t i o n  o f  t h e  a n g u l a r  and
4fts p i n  p a r t s  o f  t h e  w avefunc t ion  ( L S - j j  c o u p l in g )  and a r e w r i t i n g  of  t h e
r a d i a l  w ave fu n c t io n  from t h e  s t r u c t u r e  a p p r o p r i a t e  t o  small  r  t o  t h a t
f o r  l a r g e  r .  Zero f i e l d  c r o s s - s e c t i o n s  f o r  each f r a g m e n t a t i o n  j  were
d e r iv e d  a n a l y t i c a l l y  and ex p re s s e d  in  te rms of  p h o t o e l e c t r o n  e n e r g i e s
and s c a t t e r i n g  l e n g t h s . ^  The p re s e n c e  of  an e l e c t r i c  f i e l d  b r e a k s  t h e
s p h e r i c a l  symmetry in  th e  a sy m p to t ic  r e g io n  ( r e g io n  I I I ) .  The e x t r a
n o n - lo c a l  frame t r a n s f o r m a t i o n  d e s c r ib e d  in  Chapte r  I I  i s  r e q u i r e d  t o
ad a p t  t h e  w av e - fu n c t io n  to  t h e  c y l i n d r i c a l  symmetry in  t h a t  r e g i o n .
Owing t o  t h e  p re s e n c e  of  t h e  c o re  and th e  i n t e r a c t i o n  between d i f f e r e n t
f i n e  s t r u c t u r e  c h a n n e l s ,  t h e  c r o s s - s e c t i o n  oF(k) can no lo n g e r  j u s t  be
o b ta in e d  by mu l t i p l y i n g  th e  modu lat ing  f a c t o r  HF(k) w ith  t h e  c r o s s -
s e c t i o n  oF- ° .  A more ge n e ra l  a n a l y s i s  i s  r e q u i r e d  and has been p rov ided  
4*Sby us r e c e n t l y .  Here we j u s t  quote  th e  r e s u l t s  f o r  s i m p l i c i t y .  The 
t o t a l  c r o s s - s e c t i o n  o F , now i s  modulated by t h e  d e n s i t y  of  
s t a t e s  DF , J , ,  i n s t e a d  and e x p re s s ed  as
p»p
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2
F 4TT CO _ r j J  r»F) J ,J /a a \
0 “ 3 ( 1 3 7 ) (2 J Q+1) j  p Z p t  d p  p p '  dP ' * (2°)
where t h e  z e r o - f i e l d  reduced d i p o l e  m a t r ix  e lement in  (20) i s
dJ = <4>d ||z||ii)d> . ( 21)
p p  o
The e igenchanne l  d i p o l e  m a t r ix  element in  (21) in v o lv es  on ly  an S=k
r e g io n  I reduced m a t r ix  e lement d° which can be r ega rded  as  a c o n s t a n t
over  t h e  c o n s id e re d  range  of  ene rgy .  The d e n s i t y  of  s t a t e s
m a t r ix  DF , d , i s  e i t h e r  l x l  o r  2x2 in d im ens ion ,  depending  on whether  t h e  
p p
upper  channel  j  i s  c lo s e d  o r  n o t .  The number of  r e l e v a n t  c o l l i s i o n
e ig e n c h a n n e l s  4*3 depends on both  J  and th e  photon e n e r g i e s .  For
1 1i n c i d e n t  photon wave numbers in  t h e  range  16,755 cm t o  17,152 cm , 
on ly  t h e  j=2 channel  i s  open.  The r e l e v a n t  J v a lues  a r e  3/2  and 5 / 2 ,  
w i th  t h e  l a t t e r  g i v i ng  no a p p r e c i a b l e  c o n t r i b u t i o n  t o  t h e
photode tachment c r o s s - s e c t i o n  because  of  s p in  c o n s e r v a t i o n  i n  r e g io n
I .  The upper  j = l  channel  must be e l im i n a t e d  t o  g ive  a s i n g l e  c o l l i s i o n  
e igenchanne l  whose e ig en p h as e  s h i f t  j s g i ven b y ^
t a n  =  ^ 2 ^ - K l a d a q  +  ( ® a d + a q ) / ^ / ^ - K: l ( a d + ^ a q ) /^  *
( 2 2 )
t h u s  de te rm in in g  a l x l  d e n s i t y  o f  s t a t e s  m a t r i x 4 ^
DF’ J=3/ 2 -  HF (k? ) / { c o s 2 6 (J=3/ 2 ) -  [HF(k p ) s i n  6 <J=3/ 2 >]2 } .
p p  2 '  1 p L '  p 1
(23)
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Then th e  form a in  (20) in  t h i s  energy  range  can be w r i t t e n  as
F F=0 n F ,J=3/2  
o = a  L) ,
PP
(24)
where t h e  f i e l d - f r e e  c r o s s  s e c t i o n  a *1 ^ i s ^4
F=0 5 (An ai'i / jO\ 2
0 = 6 (d >
k2 ( l - K i aq )'
[ l - t < l  ( ad+5ag ) / 6 1 2  +  k 2 ^ “ Kl a d a q  +  ( 5 a d + a q ) / 6 J 2
(25)
In t h e  range  between 17,152 cm- * and 17,329 cm- * photon ene rgy ,  
ch a n n e l s  j=2 and j = l  a r e  bo th  open f o r  J= 3 /2 .  The J - 3 / 2  d e n s i t y  o f  
s t a t e s  m a t r ix  i s  th e n
DF- J =3' 2 -  ( a b -d 2 ) - 1
PP
b d 
d a ( 2 6 . a)
where
HF(k 1 ) ( x 1+ B ) | l+ x 2HF(k2 ) 2 ] + HF(k2 ) ( x 1+A)[l+xfHF (k 1) 2 | 
HF(k 1 )HF(k2 ) ( l + x 2 ) ( x 1- x 2)
b = a wi t h  x^ « x2
( x 1+A)(x1+B) , l+x1x2HF( k 1) 2 l+x1x2HF(k2) 2 l
d =. | _ __ j z  [ -  -  p J -  -
( l + x j ) ( l + x ‘ ) H ( k j )  Hh(k2 ) Xl -X2
( 2 6 . b)
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and \ j ,  A2 a r e  t h e  r o o t s  o f
0
A + (A+B) A +  k j k ^ a ^ O
A = k2 (5ad+a ) / 6 , B = k ^ a ^ a  ) / 6  . (27)
For  J=Jg on ly  channe l  j = l  i s  open ,  and thus  d e t e rm in in g  a l x l  d e n s i t y  o f
. 45 s t a t e s  m a t r ix
d F,J=% = HF ( k i ) / { c o s 2 ^ ( J = % )  + [ HF ( | < i ) s i n  6p (J= % )]2 j § (28)
and
t a n  6 -  k ^ - K ^ a  +(2ad+a ) / 3 ] / [ l - K 0 (a d+2a ) / 3 ]  . (29)
The c o n t r i b u t i o n  t o  t h e  c r o s s  s e c t i o n  from 3=3/2 now i s
aF (J= 3 /2 )  = o ' F=0I - L [ ( A 1+B ) D ^ J=3/ 2+(A1+ A )D ^ J=3/ 2- 2 [ ( A1H-A)(A1+B)]%D ^ J = 3 / 2 ]
+ o',F=° 3 ~ ^ [ (Ai +A)dFJJ=3/2+(A i +B)DF’ J:=3/2- 2 [ (Ai +a ) (A ;l +b ) i!5dF^J=3/2]
(30)
wi th
, F=0 5 f4n2u w  .0*2 k2 ( l+ k 2a 2 )
0 ' -----------------------2-----------------  ?[ l - k 1k2ad aq ]2+ [ k 1 (ad+5aq) / 6 +k2 (5ad+aq ) / 6 ] 2
(3 ia)
and
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„F=0 1 1-4tt (j 
° =6^l37"
Ox 2
■) (d )
( ^+*<2a q ^
[1- kl k2adaq,2+[kl (ad+5aq)/6+k2^5V aq)/6]2 (31b)
wh i l e  from J=k i s
oF(J=3s) = oF_0(J=%)DF ’J_^ (32)
w i th
F=0 /l 2 4tt co 1 ,ox2 ( 1- Koa| )
[ 1" Ko ( a d+2aq ) /312  + kl [" Koad aq+ ( 2a d+aq ) /312
(33)
F i n a l l y ,  above 17,329 cm- * a l l  c h an n e ls  a r e  open f o r
9
p h o to a b s o r p t i o n  from S in  t h e  P3/2  9 r ound s t a t e .  Again two v a l u e s  o f  
t h e  a n g u l a r  momentum c o n t r i b u t e ,  wi t h  oF (J=3 /2 )  s t i l l  g iven  by th e  
r e s u l t  d e r iv e d  in  th e  p r e v io u s  p a r a g ra p h .  The J=k p a r t  o f  t h e  c r o s s -
s e c t i o n  in v o lv es  a two-channe l  c a l c u l a t i o n  c l o s e l y  analogous  t o  t h a t
0
d e r i v e d  f o r  J=3/2 in  t h e  p r e v io u s  p a r a g ra p h .  T r a n s i t i o n s  from th e  P^ 
s t a t e  of  t h e  n e g a t i v e  ion t o  t h e  j = 2 , l ,0 continuum c h a n n e l s  a r e  ana lyzed  
i d e n t i c a l l y .  The on ly  numerica l  d i f f e r e n c e  i s  i n  t h e  s h o r t  r ange  d i p o l e  
m a t r ix  e lement d ° ,  a common f a c t o r  i n  a l l  t h e  above c r o s s  s e c t i o n
f o rm u la e .  For f u r t h e r  d e t a i l e d  d i s c u s s i o n s  on s t r u c t u r e s  of  DF*3 , and
p p
t h e  d e r i v a t i o n  o f  c r o s s - s e c t i o n  e x p r e s s i o n s ,  we r e f e r  t o  r e f e r e n c e  45.  
Here we p r e s e n t  t h e  r e s u l t s  in g r a p h ic  form in  F ig u re s  B.6 and B.7 .
The de tached  p h o t o e l e c t r o n  be ing  mai nl y  an s -wave ,  a l l  t h e  
e x p r e s s i o n s  f o r  t h e  c r o s s - s e c t i o n  in t h e  p r e s en ce  of  an e l e c t r i c  f i e l d  
show a p r o p o r t i o n a l i t y  t o
88
HF( k . )  = ( 4 / F ) 1/3  ( ir/k) j '  j  Ai2 ( - q 2/ ( 2 F ) 2 / 3 ) d(%q2) . (34)
—co
In  t h e  v i c i n i t y  o f  t h r e s h o l d ,  t h e  1 / k j  behav iou r  in  (33) c a n c e l s  
t h e  dependence on kj  c o n t a in e d  i n  aF-° ,  so t h a t  t h e  f i e l d  dependen t  
c r o s s - s e c t i o n  J  i s  f i n i t e  a t  t h r e s h o l d  and i s  p r o p o r t i o n a l  t o  F ^ .
This  i s  e x a c t l y  as in  t h e  s i m i l a r  r e s u l t  f o r  pho tode tachm ent  o f  H~ i n  an 
e l e c t r i c  f i e l d ,  e x ce p t  f o r  a d i f f e r e n t  p r o p o r t i o n a l i t y  t o  t h e  f i e l d  
s t r e n g t h ,  t h i s  dependence ( f ^28,+^ / 3 ) being  «,-dependent .
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F i g .  8 . 6  P h o t o d e t a c h m e n t  c r o s s - s e c t i o n  f r o m  t h e  ^ 2 / 2
_ 5
s t a t e  o f  S"  i n  a n  e l e c t r i c  f i e l d  o f  10 a . u .
D a s h e d  l i n e s  i n d i c a t e  t h e  z e r o  f i e l d  c r o s s - s e c t i o n .  
T h e  i n c i d e n t  r a d i a t i o n  i s  p o l a r i z e d  l i n e a r l y  a l o n g  
t h e  f i e l d  a x i s .
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F i y .  !). 7 Same a s  f i g u r e  B . 6  b u t  f o r  t h e  2 ? ^  s t a t e  o f  S ' .
APPENDIX B 
EVALUATION OF THE MODULATING FACTOR HF
In t h e  f i n a l  e x p r e s s i o n s  f o r  pho todetachment c r o s s - s e c t i o n s  i n  an 
e l e c t r i c  f i e l d ,  t h e  modula t ing  f a c t o r  c a p s u l e s  t h e  e n t i r e  e f f e c t  o f  t h e  
f i e l d .  We w i l l  d e r i v e  e x p r e s s i o n s  in  v a r io u s  l i m i t s  f o r  t h i s  f a c t o r  f o r  
t h e  v a lu e s  a = 0 , l  t h a t  a r e  r e s p e c t i v e l y  r e l e v a n t  t o  t h e  S" and H" 
problems c o n s id e r e d  in  C hap te r s  IV and V.
( i )  For an ou tgo ing  s-wave p h o t o e l e c t r o n
By t a k in g  t h e  form from (14) and f o r  e>0, we have
I t  i s  u s e fu l  t o  s p l i t  t h e  range  of  i n t e g r a t i o n  i n t o  two p a r t s ,  and 
r e w r i t e  as
Note t h a t  on ly  t h e  f i r s t  te rm s u rv iv e s  as  k=0 and w i l l  be p r o p o r t i o n a l  
t o  1 / k .  In f a c t ,  t h e  i n t e g r a l  invo lved  can be worked ou t
( B . l )
HF(k) = (4 /F)  1/ 3 ( n / k)  { J "  d ^ q 2) Ai2 (q2/ ( 2 F ) 3 / 2 ) + (B.2)
d(%q2) Ai2 ( - q 2 / ( 2 F ) 3 / 2 ) } .
a n a l y t i c a l l y ^ ® ’*^ and we have
HF(k -  0) = (3 /32) 1/3 F1/3  r 2r ( 2 / 3 ) / (nk) . (B.3)
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The second te rm in  (B.2) can be e v a l u a t e d  n u m e r i c a l l y  f o r  some 
v a l u e  o f  k.  When F=0, t h e  f i r s t  te rm in  (B.2) v a n i s h e s  in  t h i s  l i m i t ,  
i t  i s  t h e  second te rm then  dominates  and r educe s  t o  u n i t y  as f o l l o w s .  
For t h e  Airy  f u n c t i o n  with  l a rg e  n e g a t iv e  argument ,  we w r i t e 58 
Ai2 ( - x )  = ( l /T t )x~ ^s in2 (2x8/,2/3  + t t / 4 ),  r e p l a c e  th e  r a p i d l y  o s c i l l a t i n g
o
s i n  f u n c t i o n  in  t h e  i n t e g r a n d  by i t s  average  v a lu e  of  % and 
2 2/3
( 2 F ) ^ 3 ( 2 k ) “ * j k  dx x*,  which i s  equal  t o  u n i t y .
0
Below t h e  t h r e s h o l d ,  we have
2
HF(k) = ( 4 / F ) 1/ 3 (tt /k)  / 2  d(igq2) Ai2 ( - q 2 / ( 2 F ) 2 / 3 ) . (B.4)
Once a g a i n ,  as  k ■* 0 ,  i t  r ed u ce s  t o  (B.3)  excep t  t h a t  k i s  r e p l a c e d
by k . On th e  o t h e r  hand,  f o r  l a r g e  k t h a t  i s  f a r  below t h r e s h o l d ,  t h e
eg
Airy  f u n c t i o n  f o r  a l a r g e  p o s i t i v e  argument can be approxim ated  by 
Ai2 (x) = ( 1 / 4tt) x""5 e x p ( -4 x 3/,2 /3 )  so t h a t  (B.4)  t a k e s  t h e  form
HF( k » 1 )  = F1/ 3 ( 12) - 2 / 3 r  -3 e “ U u_2/3  du . (B.5)
2kJ / (3 F )
The i n t e g r a l  i s  p r o p o r t i o n a l 58 t o  t h e  W hi t take r  f u n c t i o n
3 filW_i/ 3  ^ / 5 (2k /3F) whose know asym pto t ic  p r o p e r t i e s  g iv e  f i n a l l y
HF( k » 1 )  = (F /4k3 ) exp ( -2< 3/3F) . ( B .6 )
( i i )  For an ou tg o ing  p-wave p h o t o e l e c t r o n
For u p o l a r i z a t i o n  (a= l ,m =0) ,  and e>0,  we have
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HF(k) -  ( 1 6 F )1 / 3 ( , / k 3 ) ( d f t q 2 ) A1 '2 (q2/ ( 2 F ) 2 / 3 ) + (B.7)
i f 2 d(%qZ) A1 '2 ( - q 2/ ( 2 F ) 2 / 3 )} .
Along t h e  same s t e p s  as in  ( i ) ,  t h e  f i r s t  term i n  (B.7)  can be worked 
o u t  a n a l y t i c a l l y  and we have
HF(k -  0) = ( F / k 3) r ( 1 /3 )  r ( 2 / 3 ) / u  (B .8 )
S i m i l a r l y ,  HF(k) can be shown t o  reduce  t o  u n i t y  a s  F->0 f o r  g e n e ra l  k. 
Below th e  t h r e s h o l d ,  we have
HF(k)  = ( 16F)1/3 ( n / K3) r _ l /Z  d ( q 2/2 )  A i 12 ( - q 2 / ( 2 F ) 2 / 3 ) .
(B .9)
Once a g a i n ,  as  <->-0, t h i s  r ed u ce s  t o  (B .8 ) excep t  t h a t  k i s  r e p l a c e d  
by k.  For < l a r g e ,  t h a t  i s ,  f a r  below t h r e s h o l d ,  (B.9)  can be 
approxim ated  b y ^
HF( k » 1 )  = (3F /4k3) exp(-2K3/ 3 F ) .  (B.10)
On t h e  o t h e r  hand,  f o r  a - p o l a r i z a t i o n  (a=m=l) and e>0, we have
HF = (3n/2k)  ( 4 / F ) 1 /3  ; ^ 2d(Jgq2 ) Ai | 2 ( - q 2/ ( 2 F ) 2 / 3 ) ( l - q 2 / k 2 ) .
( B . l l )
Again ,  i t  can be shown a n a l y t i c a l l y  t h a t
94
HF(k=0)  = ( F / k 3 ) r ( 2 / 3 )  r ( l / 3 ) / ( 4 i t )  + f ^ ) 173 F1 / 3  r 2 ( 2 / 3 ) / ( „ k )  .
(B.12)
o
Below t h e  t h r e s h o l d ,  t h a t  i s  k <0, t h e  f a c t o r  d e c r e a s e s  more r a p i d l y  in
v a l u e  th a n  w i th  n - p o l a r i z a t i o n  and ag a in  shows a p r o p o r t i o n a l i t y  t o  
3
exp(-2i< /3F)  owing t o  t h e  second f a c t o r  in  ( B . l l )
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